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Vice-Chancellor's Message

The Distance Learning Centre is building on a so#dlition of over two decades of
service in the provision of External Studies Progrme and now Distance Learning
Education in Nigeria and beyond. The Distance Liegrrmode to which we are

committed is providing access to many deservingeNagns in having access to higher
education especially those who by the nature o tlegagement do not have the
luxury of full time education. Recently, it is coibuting in no small measure to

providing places for teeming Nigerian youths who éme reason or the other could
not get admission into the conventional universitie

These course materials have been written by wrépegially trained in ODL course
delivery. The writers have made great efforts tovjate up to date information,
knowledge and skills in the different disciplineglaensure that the materials are user-
friendly.

In addition to provision of course materials innprand e-format, a lot of Information
Technology input has also gone into the deploymégburse materials. Most of them
can be downloaded from the DLC website and ardaaiin audio format which you
can also download into your mobile phones, IPod3MRmong other devices to allow
you listen to the audio study sessions. Some obthe@y session materials have been
scripted and are being broadcast on the univessityamond Radio FM 101.1, while
others have been delivered and captured in audigaliformat in a classroom
environment for use by our students. Detailed mi@iion on availability and access is
available on the website. We will continue in otfods to provide and review course
materials for our courses.

However, for you to take advantage of these formais will need to improve on

your I.T. skills and develop requisite distancermgag Culture. It is well known that,

for efficient and effective provision of Distancealning education, availability of
appropriate and relevant course materialsssi@qua non. So also, is the availability

of multiple plat form for the convenience of oundénts. It is in fulfilment of this, that

series of course materials are being written tdkenaur students study at their own
pace and convenience.

It is our hope that you will put these course matgtto the best use.

polliern.

Prof. Abel Idowu Olayihka
Vice-Chancellor



Foreword

As part of its vision of providing education fbtiberty and Development” for
Nigerians and the International Community, the @nsity of Ibadan, Distance
Learning Centre has recently embarked on a vigorepssitioning agenda which
aimed at embracing a holistic and all encompasapgoach to the delivery of its
Open Distance Learning (ODL) programmes. Thus veecammitted to global best
practices in distance learning provision. Apart niroproviding an efficient
administrative and academic support for our stugjemé are committed to providing
educational resource materials for the use of dwdemits. We are convinced that,
without an up-to-date, learner-friendly and dis@nkearning compliant course
materials, there cannot be any basis to lay clainbding a provider of distance
learning education. Indeed, availability of appraf@ course materials in multiple
formats is the hub of any distance learning provisvorldwide.

In view of the above, we are vigorously pursuingaasatter of priority, the provision
of credible, learner-friendly and interactive caummaterials for all our courses. We
commissioned the authoring of, and review of counsgerials to teams of experts and
their outputs were subjected to rigorous peer vevwe@ensure standard. The approach
not only emphasizes cognitive knowledge, but aksitssand humane values which are
at the core of education, even in an ICT age.

The development of the materials which is on-gaitsp had input from experienced
editors and illustrators who have ensured that #reyaccurate, current and learner-
friendly. They are specially written with distantégarners in mind. This is very

important because, distance learning involves meidential students who can often
feel isolated from the community of learners.

It is important to note that, for a distance learteexcel there is the need to source
and read relevant materials apart from this coursgerial. Therefore, adequate
supplementary reading materials as well as otHerrmation sources are suggested in
the course materials.

Apart from the responsibility for you to read tleisurse material with others, you are
also advised to seek assistance from your coursiitdeors especially academic
advisors during your study even before the interactession which is by design for
revision. Your academic advisors will assist youngsconvenient technology
including Google Hang Out, You Tube, Talk Fusiomt;. éout you have to take
advantage of these. It is also going to be of inseeadvantage if you complete
assignments as at when due so as to have necéssdipacks as a guide.

The implication of the above is that, a distan@rer has a responsibility to develop
requisite distance learning culture which includdgent and disciplined self-study,

seeking available administrative and academic suppod acquisition of basic

information technology skills. This is why you assmcouraged to develop your
computer skills by availing yourself the opportynif training that the Centre’s

provide and put these into use.



In conclusion, it is envisaged that the course nagewould also be useful for the

regular students of tertiary institutions in Nigewho are faced with a dearth of high
quality textbooks. We are therefore, delighted tespnt these titles to both our
distance learning students and the university'sileegstudents. We are confident that
the materials will be an invaluable resource to all

We would like to thank all our authors, reviewersl goroduction staff for the high
quality of work.

Best wishes.

@"—na‘:i

Professor Bayo Okunade
Director
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About this course

About this course

Introductory Mathematics for Econom ECO104has been produced |
University of Ibadan Distance Learning Ce. All Economics Course
Materias produced byJniversity of Ibadan Distance Learning Ceare
structured in the same w, as outlined below.

How this course 1s structured

The course overview

Thecourse overview givegou a general introduction to the cout
Information contained in thcourseoverview will help you determin

= |f the course is suitable for you.

= What you will already need to know.

» What you can expect from the course.

= How muchtime you will need to invest to complete the co.
The overview also provides guidance

= Study skills.

= Where to get help.

» Course assessments and assessments.

= Activity icons.

= Study sessics.

We strongly recommend that you read overviewcarefully before
starting your stud

The course content
Thecourse is broken down into modules. Each mc comprises:
» An introduction to the module content.
» Learnin¢ outcomes.
= New terminologyalso provided as glossary item in virtual classr.
= Content of tudy sessions.
= A module summary.

= Assessmels and/or assessments, as applicable.
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Bibliography

The bibliography section points you in directioradditional resourceat
the end of thi; these may be books, articlesnebsites

Your comments

After completing this course]ntroductory Mathemiics for Economics,
we would appreciate it if you would te a few moments to give us yc
feedbackon any aspect of this course. Your dback might includs
comments ol

= Course ontent and structure.

= Course reading materials and resou

= Courseassessments.

= Course ssessments.

= Course duration.

= Course support (asined tutors, technical help, ).

» Your general experience with the courseyision as a distanc
learning stude..

Your constructive feedback will help usitaprove and enhanchis
courst.



Course overview

Course overview

Welcome to Introductory
Mathematics for
EconomicsECO104

Mathematics is an integral part of economics andetstanding bas
concepts is vital. The findations of economic theory are based
mathematical models. Thus, a thorough understanalirttpe economis
content of such models is not possible withoutemrcunderstanding
the mathematical concepts that underpin the madglliThis clearly
written manual will help you to develop quantitative skillp to the
required level for a general Economics cot

After a review of the fundamentals algebraic methodsets, numbers,
and functions, the mant covers limits,system of equations, mati

algebra, anccalculus. To develop studentg®oblen-solving skills, the
manua works through a large number of examples and ecmn

applications.The course als@ntails the presentatiocof research
project, which isa critical element of the course and should

taken very seriously. Once you learn the basic emdiical

methods, you can easily transition to applying rirethods in ree

life economic situation

Introductory Mathematics for
EconomicsECO104—is this
course for you?

This course is intended for people who intendsutaierstancthe
mathematical methods that are most widely usedon@mics It is
a compulsory course which ams to provide the opportunity fi
students to be equipped with the skills of basicthematical
methods that have become the language of commigricat
modern Economic

The only prerequisite is “high school further matfagics”

Course outcomes

Upor a successful completion ofntroductory Mathematics fc
EconomicECO104 you will be able to:
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= Know how to read, understand, and construct mathemiproofs, and
appreciate their role in the derivation of matheoatconcepts an
structures

= Apply mathematical methods and techniques that are fatsullin

Outcomes abstract settings to concrete economic applica



Getting around this course manual

Getting around this course manual

Margin icons
While working through this you will notice thefrequentuse of margin
icons. These icons sel to “signpost” a particular piece of text, a n

task or change in activity; they have been inclutedielp you to finc
your way around fis.

A complete icon set is shown bel. We suggest that you familiari:
yoursdf with the icons and their meanitgfore starting your stuc

@ = Gl

Activity Assessment Case study Discussion

WMo = @

Help Outcomes Reading Reflection

Study skills Summary Time Tip







Study Session1

Study Session1

Use of Mathematics in

Economics

Introduction

Learning Outcomes

Terminology

In Economics, mathematics is basically a toolks & itool that serves as

approach to model humebehaviour This study sesion looks at how
mathematics employed in economic situation. It also mpares
mathematical economics with nonmathematical ecoc®mn one hant
and mathematical economics with econometrics omtiner hanc

Upon completion of this study session you will lnéeao

= recognise the use of mathematics in economics.
= comparemathematical and honmathematical econo.

= |dentify thesimilarity and difference between mathematical ecoics
and econometrit.

Mathematical an approach of using symbols and equatiot
Economics: explain economic behaviour.

Nonmathematical — an approach of using words to explain econc
Economics: behaviour.

Econometrics: a quantitative approach that is dominatec
statistical methods to describe economic sy:

Mathematical Models

The world is full of several economic activitieschuas consumptiol

production and exchange. These activities are tmaptex to be studie

on a whole. These activities can only considered as variables tl

influence one another. With these varial mathematical mode can be

constructed to observe ' real life activities. SoMathematical model

are abstractions that capture real life phenomeFor economists, real
life situations are observed over time, from whéctheory is develope

Then amodel is constructed based on predictions from the the

Economists te these predictions and compare their results withah

phenomenon. The results of the compais then determines whether 1

model is accepted, rejected or modified to servar abstraction from
the real worlc
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Mathematical Economics vs. Nonmathematical Economics

Economic analysisa
systematic approach of
applying data to a theory
to determine optimum use
of scarce resources,
involving comparison of
two or more alternatives in
achieving a specific
objective under given
assumptions and
constraints.

Deductive reasoning

logicalmove from general
premise to a more precise
conclusion

Mathematical and nemathematical economics are alterna
approaches tceconomic analysis Hence, there is no fundamer
difference between the two. The main differencevbenh them is the
mathematical economics wuses symbols and equatiortsle
nonmatlematical economics uses words to explain econoeiaaour.
Both approaches are very useful in economic araly$ie mathematic.
approach is however, more convenient and conduecivse indeductive
reasoninc.

ITQ

Questior

If a person explaineconomic issues verbally, such approach ce
called

Feedbacl
Non-mathematical economics

Observably, the mathematical approach has theWoitpadvantage
a. concise and precise use of language;
b. speeds up the analytical process;

Cc. keeps economists from unintentional adoption ofamed implicit
assumptions; and

d. allows economists treat the generalamiable cas.

Although the mathematical approach could be diffitucomprehent
at first, the effort and time taken to unders it eventually pays of
when explanation of economic behaviour becomesif

Mathematical Economics vs. Econometrics

It is possible to confuse mathematical economicth veéiconometrics
Both mathematical economics and econometrics quantitative
branches of economics, but they are not the samathdvhatica
economics refers to the application of mathematiesthe purely
theoretical aspects of economic analysis while econometricsrigernec
with the study ofempirical observations using staical methods of
estimation and hypothesis test

In mathematical economics, focus is heoretical issues while

econometrics deals wiempirical issues.

As earlier noted, the focus of this course will be mathematice
economics. Consequently, we interested in developing a theoreti
framework for economic analysis which is based oath@matica
formulations
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Study session summary

ey

In this Study session you learned tin Economics wt

1). Observe real world phenome=2). Develop a Theo=3). Formulate
tests tocheck predictior=4). Compare predictions of the model ver

Summary actual phenomenc
Then, we eithe
Accept
Reject
Modify
the model asraabstraction from the real wo.
We went further to compare mathematical relatigmshivith
nonmathematical relationship. Lastly, we lookedhs similarities an
differences between mathematical relationsind econometric
Assessment
SAQ 1.1 (tests Learning Outcome 1.
‘ Identify three advantages and two disadvantages of usirtgematics ir
economics
Assessment

SAQ 1.2 (tests Learning Outcome 1.

An economist wants to show the relationship betwwere and quantit
supplied. Rather than showing it verbally, he desitb apply quntitative
methods, what approach is best for lto adopt?

SAQ 1.3 (tests Learning Outcome 1.

What is the main difference between mathematical ecoc®amc
econometrics






Study Session2

Study Session2

Review of Algebraic Methods

Introduction

As earlier noted, mathematics is an integral pdrteconomics an
understanding basic concepts of mathematics isas\stal. Many adul
learners come into economicsourses without having studi
mathematics for a number of years. This study sessill help you tc
review fundamental principles in mathema

Upon completion of this study session you will lnéeao

= use mathematical models in relationttte real number syste
= collect objects in sets.

= determine if a relation is a function, use function notatiangd find the
Learning Outcomes domain and range of a funct

Terminology Sets: A well defined collection of objec

Relations: A set of inputand output values, usua
represented in ordered pairs.

Functions: A special relationship between val.

The Real Number System

As discussed in Study sessi2.1, Mathematical mode are made up of a
combination of equations and variables. Each ese - equations and
variables- consists of numbers. We will therefore discussrbmbers
system. Numbers can be either real or imaginaral Rember include
all rational and irrational numbers. Thus real namsbare integer:
fractions and decimals. ey even include all positive and negai
numbers While an imaginary number is one that when squared, gi
negative resul In this session, focus will be @aal number systen.

The real number system is a union of rational aradional numbers

Rational Numbers

Rational numbers are numbers that can be exprezseal ratio of :
integers/numbers. Rational numbers are further igigedl into two:
integers and fractior

11
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a. Integers -integers are whole numbers which are expressedasnt
fraction of 1. Integers can be either positive egative. Positiv:
integers are whole numbers which are positive B.¢@, 3... while
negative integers are negative whole numbers-1, -2, -3, ... 0
is a unique integer because it is neither positiMenegative

All integers are called the set of all integers.

b. Fractions —fractions are numbers which are expressed as &ofn
of other numbers. Fractions can also be positig. %2, % ... or
negative e.g. — 5/7, -7/9 ...

All fractions are collectively called the set of all fractions.

Irrational Numbers

Irrational numbers are numbers that cannot be egptkas ratios of
pair of integers, e.(¢ = 3.1415.

As you can see in gure 2.1, when all numbers are placed on a r
positive integers would lie to the right of zeroil@megative integers wi
lie to the left of zero. The fractions would lietlveen the integers whi
the irrational numbers would fall between the naal numbers

Create illustration

Humber line.

Figure 2.1

The whole group of this numbers (rational and ioral numbers) ar
called the set of all real numbers, denote: .

Sets

A set is a collection of objects callmembers or elements of a set. Sets
are represented by upper case letters while timeegls ce denoted by

lower case letters, e.g. a set can be representad=Ha,b,c,......}. i
means a is an element of A. For any element x wisidot amember of

set A, you writtx A meaning X is notin A. *

Representing Sets

Ordered set A set that is  There are two methods of representing

enclosed with parenthesis . . .
ie. (). 1. Enumeration or listing method: In this method, a set

represented by writing out the elements one dfieother, fo
example A =[2,4,6,8,10,12,14]

Descriptive method:Here the elements in a set are narrated.
set A above, it will be expressed descriptivelYAas]x:x is even
numbers between 1 and 15] or A = [x/x is even nugld< x <
15]

Unordered set A set 2
that is enclosed with ’
bracesi.e. { }.

12
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Note thathe *:" and ‘/’ signs mean “such that”, that A is a set of x such
that x is even and is between 5 and 30.

Relationships between Sets

Assuming there are two sets, X and Y, sthat:
X={1,2,3,5,9,16}and Y ={2,3,4,5,7,9,1

These two sets can be related in two ways; intercept and theiunion.

The intercept of sets X and Y is set Z = {2,3,51@ft is, a set ¢
numbers that are common to X and Y. The notatiointercept of X and

YisZ=X Y * Indescriptive form, it can be expressed as{ X:
x andx }

On the othe hand, the union of sets X and Y is set'
{1,2,3,4,5,9,14,16}. This is denoted as V = Y. In simple form, this i
v={xix orx }

Another form of linkage among sets exists whentdssa subset of
bigger set. For example,A = {3,5,8} and B = {1,2,3,4,5,6,7,8}, we c¢
say A is a subset of B since all elements in Acargained in B. In othe

words, B is a super set of A. A ¢ subset of B is denoted as B,
while B as a superset of A is denoted as A

The relative difference between two sets say ABulthe set of al
elements that are in the larger set and not irsthedler se

ITQ

Questior

If A is a set of alpositive integers from 1 to 8 and B is a set obdlli
numbers from 1 to 9, what will be their inters:

Feedbacl
A=11,2,3,4,5,6,7,8] and B =[1,3,5,7,9], thenithetersect will b
A B=]1,3,5,7]

Special Types of Sets
There are some special seamely:

1. Universal Set:lt is the set that contains all other subsets
given situation. For example, if subset A = (albreamics
students in Idia hall), subset B = (all physicsistuts in Idie
hall), subset C = [all education students in Id&l}ithe

universal set can be = (all students in Idia hall) such tt

students in Idia hall that are not in economicysfs or
education can form another subset. Universal $e denoted

by or

13
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14

The set of all elements in the universal set but which are
not in A is known as the complement of A denoted’ or A’

2. Null or Empty Set: This is any set that has no element.

denoted as . The intersect of any set and its complementlve
a null set.

3. Disjointed Sets:Any two sets that haweothing in common ar
disjointed sets, for example, a set and its compid The
collection of all disjointed subsets of a universat is the
partition of the universal set.

4. Power Set of a SetThis is the set of all subsets that car
found in a setThe larger the number of elements in a set
larger the power set of that set.

5. Singleton: This is a set that contains ordge element. E.g. X
{a}
6. Sets of Natural numbers and fractions
Laws of Set Operations

Cummulative Law: This law states that for every two sets A ant
[A B]=[B A]land[A B]=[B A]. This means that tF
arrangement of the sets does not m:

Associative Law This law states that for every three sets A, Bf !
[A B] C=A [B C], thatis, the sets merged first do not ma
Also[A B] C=A [B C]

Distributive Law: This lawstates that for every three sets, A, B
C.

[A B] C=[A C] [B C]
[A B] C=[A B] [B A]

De Morgan’s Law: This lawstates that for every two sets A ¢
B, the complement of their union is equal to thtergect of thei
independent complemer Also, the complement of A intersecti
B is equal to the union of their independent commaets.

e.g.[A B]°=A° B°; [A B]°=A° B°
ITQ

Questior

If A =[2,4,6,8] B=[1,3,57]and C =[7,8,9], test if the assaviataw
holds for A, B and (

Feedbacl
[A Bl C=A [B C]
[A B]=1[1,2,3,45,6,7,8]A B] C =11,2,3,4,5,,7,8,9]
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[B C]=[1,35,7,8,9],A [B C]d1,2,3,45,6,7,8,

Inclusion and Exclusion Principle

The principle states that in case of two sets ABnithecardinality of set
A which is the number of elements in A, that igAJngnd the cardinalit
of set B, n[B] minus the cardinality of the irsection of A and B
n[ANB] equals the union of A and B.

e.g. fA B] =n[A] + n[B] - n[A B]
Conversely, the cardinality [A B] is;
e.g.n[A B]=n[A] + n[B] - n[A B]

For a thre-set case, if A, B and C are nempty sets, th
cardinality of their union i:

n[A B C]=n[A] +n[B]+n[C]-n[A B]-n[A C]-n[B C]+
n[A B C].
This means the cardinality of the union of threis,s&, B and C it

the sum of their individu coordinates minus the cardinalities
their pai' wise intersection plus the cardinality of theireirgectior

ITQ

Questior

Let A =[10,20,30,40,50],what will be the carditalof A?
Feedbacl

The cardinality of A, n[A] =

Ordered and Unordered Sets

The elements in a set can lordered or unordered. When the
arrangement of elements in a set is significarg, gbt isordered by
enclosing it with parentheses i.e. (). For instange can provide tw
different ordered pairs denoted and , which implies that

+ unless . However, when the arrangement of elem
in a set is not significant, the setunordered by using the symbol ¢
braces {}. E.g. means the order in which eleme and appear
is not importan

Relations and Functions

A relation is any collection of ordered pairs. For the ordepad |
y) where botr and include all real numbers, the relation betw:
and will be given by any subset of ( . E.g. the s¢{

15
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is a set of ordered pairs and the ordered paimslitdes are e.g. (1, 2), (
0), (-1, 2). As you can see in Fig 2.1, the set constitatesdation whict
is graphically represented by the set of pointsgdyin the straight lin

Figure 2.2
y y=2x
X
The sef is also a set of ordered pairs such as (1, OL)(.
and (1,-4). It constitutes a relation and is representegblgically by the
set of all points in the shaded area which satisfyinequality as
you can see in Fig 2
Figure 2.3 y
y>x
0 X

A unique value may not always be determinable givan relation. Fo
instance, ir if , can take various values e.g. 0,
4 and still satisfy the relatic

It is possible to have a relan where each value has only one
correspondin¢ value. E.g. . Here, is afunction of ,
denoted by . Function is a set of ordered pairs with
property that an' value uniquely determines avalue.A function must
be a reation, but a relation may not be a function.

16
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A function implies a rule by which a transformatitakes place. It i
therefore, called mapping or transformation e.gh: , it means
a rule by which the s is ‘mapped’ or ‘transformed’ intche set

This is denoted b
where arrow indicates mapping and letf
specifies a rule of mapping

ITQ

Questior
Which of the following is not a functio

a.
b.
c.
d.

Feedbacl

The right option is LAlthough, gtions a, ¢ and d arelations,
however, they are not functions because they dbane specific value
fory

In the function is referred to as the argument of the funct
and is called the value of the functionis also called the independt
variable anc the dependent variable. The set of all permissiblees
that can take in a given context is known as the dorohthe function
which may be a subset of the se all real numbers. Th value into
which ar value is mapped is called the image of = value. The set of
all images is called the range of the function,clihis the set of all value
that the variable will take. Thus, the domain pertains te independent
variable , and the range has to do with the dependent Var as

shown
! !
value of the f xr argument of the f x n
dependent variable rar independent variable
domain

This is further exemplified belo

1

Domainof the f x n = set of all permissib
value that x can take. Image of the value
= the value into which an x value is map)

Range of the f x n = set of all images = se
all values that y will take

17
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Example 1

Example 2

Example 3

The total cost C of a firm p day is a funcon of its daily output Q:C
200+ 7Q. The firm has a capacity limit of 12Bits of output per da
What are the domain and range of the cost t

Solution:

Q can only vary between 0 and .

Therefore, omain = set of values00Q < 120
={Q|0<Q=<120}

min. C value is when Q =6> C =200

max. C value is when Q = 108> C = 1040

therefore, ran¢= {C | 200< C< 1040}

If the domain of the function y = 6 + 4x is the set {x< x < 5}, find the
range of the function d express it as a set.

Solution
min. value is when

max. value is when

Therefore, range

For the functior , if the domain is the set of all n-negative real
numbers, what will itrange be?

Solution
min. value is when
max. y value is whe

Therefore, range

Study session summary

18

o7

Summary

In this study session you learrhow to usemathematical mode in
relation to the real number system, and also |ebnogv to collect object
in sets. We capped this session by determiif a relation is a functior
use function notation, and find the domain and eaoiga functio
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Assessment

Q)

Assessment

SAQ 2.1 (tests Learning Outcome 2.1)

What are the possible limitations of using irraibnumbers ir
mathematical modelling

SAQ 2.2 (tests Learning Outcome 2.

A school has 260 students. Of these total, 24Cesttiscbffer at least or
of the three sociescience subjects, Economics, Sociology
Geography. 70 offer Economics, 130, Sociology ds@l dffer
Geography. 50 students offer Economics and Soagrotb@b offer
Sociology and Geography. If 40 students offer thied subjects, ho
many students off Economics and Geography?

SAQ 2.3 (tests Learning Outcome 2.

A textile firm faces a cost function C = 300 + 8e firm’s maximurr
capacity daily is 150 units ofxtiles. What is the domain arrange of
the firm’s cost functior

19
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Study Session 3

Types of Functions

Introduction

Learning Outcomes

Terminology

Observing the functio , this function informs that there is a
by which the set x is mapped into the set y. Howewe do not know th
actual rule of mapping. Byudying different types of functions, we c
know the exact rule of mapping associated withed#ht functions. Yo
will therefore be exposed to different types of dtions in this stud:
sessior

Upon completion of this study session you will Inéegto

= construct functions
= jdentify at least four types of functions.
= graph each of the identified types of functions.

Algebraic Functions constructed using only a finite nun
Functions: of elementary operations together wthe inverses
of functions capable of being so construc

Transcendental A function not expressible as a finite combinat

Function: of the algebraic operations of addition, subtract
multiplication, division, raising to a power, a
extracting a root.

Constant Function

Figure 3.1

Linear

A constant function is a function that has a rathge includes only on
element. As you can see in Fig 3.1, the valu¢ remains the same
different values o .

y

0 X

With different values of x, the value of a constant function remains the same.

21
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Polynomial Functions

22

Note

A polynomial function is a function that consisfsnaultiple terms whict
can be expressed in higher powers.

Y= a8+ axX+ & X +..+a,X"is a polynomial function that consists
only one independent variable X, with x expressed in higimwers up tc
the ordein.

NOTE that

This shows that we can have different cases ofnoohyal functions
depending on the power of the independent var

a. When thehighest power of the independent variable = 0, axe
a constant function as earlier discussed

i.e.

b. When the highest power of the independent bbria 1, we hav
a liner function— first-degree polynomial

i.e.

c. When thehighest power of the independent variable = 2, axe
a (quadratic functior» seconddegree polynomi

i.e.
You can study the two graphs in Fig 3.2 be

y a, >0
Yy =a, > a;x + a,x?
0 X
Fig 3.2A
Y| a, <0
Yy =y = a; X + ayx?
0 X

Fig 3.2B




Study Session 3

d. When the highest power of the independent vizrialt we have a
cubic function— third-degree polynomial

i.e.
y 2 3
y=0ay+a,x +ax“+ azx
0 X
Fig.3.4

o ITQ Look at the graphs in Figure 3.8hich of the tw« graphs
indicates a constant functidnwhat is wrong in the oth

graph?
Figure 3.5A Yy
y=8
0 X
Figure 3.5B y

y=4ay +a4x

Feedback

23
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Figure 3.5A indicates a constant function sincehighest power of x
the independent variable is 0 and the curve isradmtal

The horizontal axis in Figure 3.5B is not label

Rational Functions

Figure 3.6

Rectangular-hyperbola

A rational function is a function that is expressasl a ratio of .
polynomials in the same variabsay X, i.e.

A rational function— y =aor y = a plots as rectangular hyperbole
you can see in Fig &

y

y=a/x

Transcendental Functions

Figure 3.7

Exponential

24

This is a form of functions in which the indepentvariable appears in a
nonalgebraic form. As such, another name for tremdental function i

nonalgebraic function / In general, the term trensiental mear
nonalgebraic

E.g. in exponential functiol

independent variable appears in the exponent

y

y =b*

b>1
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Exponents show the power to which a particular variableis raised.

is raised to the power

Study session summary

/o7

In this Study session you learned how to constiwattions. You wert
also exposed to ttdifferent types of functions and how they are gep
The different types of functions include constaohdtion which is
graphed linearly; polynomial function which can dpgadratic or cubice
in graph, rational function which appears as reguéa-hyperbolic in
graph; and lastly, transcendental function whicexigonentia

Summary
Assessment
SAQ 3.1 (tests Learning Outcome 3.
° Construct one linear function and one cubic fumc
Assessment SAQ 3.2 (tests Learning Outcome 3.

What do you understand by nalgebraic functions and const
functions’

SAQ 3.3 (tests Learning Outcome 3.

Graphthe following functions and see an instructor fealeation
1. y=8

y = Bo + Pax

y =2 +agX

Y=0p—0X + 0,2)(2

o M~ D

Y=0p—Xt+ a2X2 + 0L3X3

25
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Study Session4

Matrix Algebra

Introduction

Learning Outcomes

Matrix

In this study sessi(, you will concept omatrix algebra, types «
matrices, operation of matriceUpon completion othis Study session
you will be able tc

= explain matrix algebra and the different types of matrices

= solve operations on matrices

A matrix is a rectangular array of numbers, elemeat variable:
arranged in rows and columns. The dimension orrooflea matrix is
determined given by the number of rows and columns. So a m#teat
has M rows and N columns has the dimension M

* the row number must always precede the columnbau

A= |an 12 1% R
az] az2 e IR el
an1 ApL AN AMIH

where ajj is the element appearing in the ith roe gh column of A.

A has M rows and N columr— dimension =M x |

3 7
B= 8 2 C= 2 3 5
6 1 6 1 3
3x2 2x3

When a matrix has only one column, it iferred to as a column vect

27
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dimension of A =4 x

>
I
o o A~ P

When a matrix contains only one row, it is callewa vecto
B =[8 5 3 2] dimersdf B =1 x -

Types of Matrices

1. Square Matrix

A matrix with the same number of rows and colui

A 14 1 6 7
2 5 B 2 5 8

3 4 0

2. Diagonal Matrix

A scuare matrix that has at leasheonon zero element on the m
diagonal and zeros elsewhere.

1 0 1 0
A=\ 0 B 0 20
0

3. Identity or Unit Matrix

A diagonal matrix whose diagonal elements are aéirioted by

1 0 O 10
=10 1 O = 01

0 0 1

4.Scalar Matrix
— A diagonal matrix whose diagonal elements are akik
2 0 O 4 00
A¥ 0 2 O B=|0 40
0 O 0 0 4

28
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5. Null Matrix

— A matrix whose elements is all zero and is denote@

6.Null Vector

— A row or column vector whose elements are all zdso, denoted by

7.Equal Matrices

— 2 matrices A and B are equal if they are of theesamder and the
corresponding elements are equal.

7 5 6 7 5
A=l4 2 3 B 4 2
3 10 3 0
ITQ
Questior

Which of the following matrices cannot be consideas a diagon:
matrix“

a. A square matrix
b. A scalar matrix
c. An identity matrix
d. BandC

Feedbac!

The right option is a because though all diagoregfices are squa
matrices, not all square matrices are diagonalicestrFor example, .
2x2 matrix may have no 0 on its off diagor

ITQ

Questior

If matrix A is a 3x2 matrix, we mee

Feedbacl

Matrix A has three rows and 2 columns, such tx’ means ‘by

Operation of Matrices

Addition of Matrices

The addition of 2 matrices A and B is possiblehiéyt are of the san
order and addition is done by adding ‘corresponding elements of
and B

e.g. if



ECO104 Introductory Mathematics for Economics

30

A=12 4 7 B=|1 0-3
6 8 3 3 05

ThenifC=A+E

C=|3 4 4
9 8 8

Subtraction of Matrices

Similar to the rule for addition, the subtractioh 2 matrices is onl'
possible if they are of the same dimens

A= 4 7 B=]1 0-3
3 05
C=A-B
C= 4 10
8 -2

Scalar Multiplication
To multiply a matrix A by a scalaq )

We multiply each element of the matrix & :

eg.if a =4
and A= |1 4
8 2

aA= 4| 16 2
1232 8

Multiplication of Matrices

For the multiplication of 2 matrices A and B tomssble, the number of
columns in A must be equal to the number of rowB nd the resultai
matrix AB will have the dimension where its no.rofvs corresponds 1
no. of rows of A and its no. of columns correspotadao. of columns ¢
B.

e.g. if Adimensin =M X N and B dimension = P X
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multiplication is only possible if N =
AB dimension M X (

If the product of the 2 matrices A and B is caliédthen the element
the ith row and jth column of C is obtained by npliting the element
of the ith row ¢ A by the corresponding elements of the jth colushiB
and summing over all tern

eg.given AH2 6 5 and B
4 3 1 4

AB=C= |(2x3)+(6x4)+(5x7) 1)+ (6x5)+ (5xz

(Ax3)+(Bx4)+(@AxT7) 4x1)+(BxX+(@Ax2
= 65 42
31 21
GivenA= 3 5 aBd -
4 6
AB=(3x (1) + (5x4) Bx9 5T
(4 x(-1)+ (6 x 4) 4x0)6X7
=17 35
20 42

Properties of Matrix Multiplication

1. Matrix multiplication is not necessarily commutaiv.e. in
general AB# BA

2. Even if AB and BA exist the resulting matrices nmet be of the
same order

IfFAIsMXNandBisN XM
ABisM X M

BAisSNXN

3. Evenif A and B are both square matrices, so titabAd BA are
both defined, the resulting matrices will not beewsarily eque

31
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A=l 4 7 Bz 1 5
2 63
AB=[46 76} BA= |19 17
15 31 48 8 5
AB # BA
ITQ
Questior

Matrix A (3x1) and matrix B (1x2) are commutative multiplication
since the number of columns in A equals the nurobesws in B. Wha
will be the order of matrix AE

Feedbacl
(3%2), that is, the number of rows in A and the nunddeolumn: in B

Study session summary

ey

Summary

In this Study session you were exposeddncept omatrix algebra,
types of matrices, operation of matri

Assessment

32

SAQ 4.1 (tests Learning Outcome 4.1)
Write out an example each

a.

-~ 0o o o0 T

A matrix with 3 rows and two columns
A square matrix of any dimension.

A column vector

A row vector

An identity matrix

A scalar matrix




Study Session4

SAQ 4.2 (tests Learning Outcome 4.
If

2 5 4 5 2
A= 3 0 - and B = 57 1

What is A + B?

Find A-B

Solve for 3A

Why is it impossible to calculate AB with matricksand B’
Find AC if

O® oo T

33
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Study Session 5

Linear-Equation System

Introduction

Learning Outcomes

In the previous session, you weintroduced tothe concept of mtrix
algebra, types cmatrices anaperation of matrices. In this study sess
you will be exposed to how"

Upon completion of thiStudy sessiogou will be able tc

= represent linear equation systems in matrix form
= find the transpose and determinant of a matrix

= jdentify different economic applications of matrices

Solving Linear Systems Using Matrices

34

Given the following linear equation syste
6X;1 + 3% + X3 = 22
X1+ 4% — 2% =12
4x; + X + 5 =10

We can write these in matrix form

1 1 X 2
-2 X = y
4 -1 5 X 1

If we represent firsmatrix by A, second by x and third by d, we hi
Ax=d
And x=A'd

Therefore, the solution of the system of equati@s in finding the
inverse of the matrix

Transposes

The transpose of a matrix is the matrix obtainecernwits rovs and
columns are¢ interchanged.e. first row is now the first column, seco
row is now the second columr

Transpose of A is denoted by' or AT
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GivenA=(2 8
4 10 6
7 1 5

A= |2 4 7
8 10 1
6 5

If we have a square matrix whose transpose givestigxthe sam
matrix, we have a Symmetric Mati
Properties of Transpos

1. (AH'=A

2. A+B)}=A'+B!

3. (AB)'=B'A’

4,

ITQ

Questior

If A= [ 210 GJ , the transpose of A will |

Feedbacl

Al= | 2 In other words, the transpose of a row vectordslamn
1 vector and vice versa.
0
6

Inverses

Given a matrix A, the inverse of A exists if andyoif
1. Ais asquare matrix> necessary condition
2. The rows are linearly independent sufficient conditior

Linear independence means that no row (row vecidrla lineal
combination of other rows (row vecto

35
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36

[6 8 1o]=2[34 ]

Vii= 2 + 0y

r

Therefore, ™ row can be expressed as linear combination of fir—
rows are not linearly independe

— if rows in matrix are not linearly independent, unuque solution ca
be obtaine(—

*Given the square matrix A, if it's inverse existhen A is called .
nongngular matrix. Conversely, if its inverse does motist, A is ¢
singular matrix

note: AAT=ATA=|
fA=pxpthen A'=pxp
Determinants

Determinants are used to ascertain if a squareixmiatnonsingular o
not. The rile is that a matrix A is nonsingular if its detenaint

| A| is noi-zero
2" order determina
A=(8 6 | A= 8(3) -2(6)
[2 3} =24-12
=1z

Expansion of higher order determinants can be dmndhe Laplact
Expansion which is expansion by multiplying a-determinant by a ro
or column elemet.

Given
a1 a2 a3

A=l an a as
=<V <7 asz

*Given linear equation system Ax :
|A]#0 — row/column independence
— A is nonsingular

— Al exists

— a unique solnX = A d exists.

Expansion using the first row of A gi\
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- - -

& =ap 4 dan -4y dn  ap tapy | oan an
Azp A ;0 A ‘ A A
T T T
limor or elernent ap; rinot of e lernent a;. trunor of elernent a;
= |IvIyl = Iy = [yl
[Tl | Cral |13l

Cofactor is minor with a given sig— if sum of 2 subscripts is eve
cofactor has same sign as mindk sum of 2 subscripts is odd, cofac
has different sign as minor.

ITQ
Questior
The minor of element;; in matrix X = 3 7 is
2 1
Feedbacl
4 2
1 0
GivenA=(5 6
2 3
7 -3
First ron
Al =5| 3 0 [-6 2 0 1
-3 0 7 0 7 |-3
=0+0-27=-27
First columi
[A] =5 1| 3 0 2 6 1 +7 6
-3 0 3 0

=0-6-21=-27

37
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B=|7 -3 -3
2 4 1
0o -2 -1
Bl =7 | 4 1 --3) 1| +® 2
2 -1 0 1- o -2

=7 (-2) + 3(-2) - 3(-4)
=-14-6+12
=-8
* Solving these types of problems can be dor2 ways
1. - Matrix Inversion

2. —Cramer’s Rule

Study session summary

In this study session you useaatrices to find solution to a linear syst
of equation:

Summary

38
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Assessment

Q)

Assessment

SAQ 5.1(tests Learning Outcome 5.1)

Representhe linear equations below in matrix form

5%+ 3% + X3 =20

X1+ TXo—2% =12

3X; -5x3 =12

SAQ 5.2 (tests Learning Outcome 5.

Find the transposeand the determirof each of the following matrice

A= 2 B=(7 62
1

5
0 G 1
SAQ 5.3 (tests Learning Outcome 5.

Provethat matrix A = 2 4 is a singular matr
3 6

39
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Study Session6

System of Equations

Introduction

In Study Session you were introduced to the concept of matrix alge
types of matrices anoperation of matrices; while you were expose
how to use matrices to find solution to a lineasteyn of equatior in the
just concluded study sess.You will now learnhow to find the solutiol
of a system of equation using matr, and how to apply matrices
economic mode.

Upon completion of thiStudy sessiogou will be able tc

= solveproblemsrelating to system of equation using matr.

= applymatrices to economic models.

Learning Outcomes

Finding the Solution of a System of Equations
We saw earlier that given a linear equation systeah as
6X; + 3% + X3 =22
X1+ 4% — 2% =12
4x; — X% + 5% =10

can berewritten in matrix form as:

6 3 1 1 X 22
1 4 -1 o X= 2
4 -1 5 3X 10
A x~ = -d
And x = A'd * up 1
ITQ
Questior

In the general matrix form of equation in subsetal, x = £ d, what
do the“x” and “d” stand for?

Feedbacl
X is the vector of unknow while d is a vector of dependent variak

40
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Matrix Inversion

To find the inverse of a matrix A, we need both the deteami anc
adjoint of A. The adjoint of A is simply thranspose of a cofactor mat

(©).

A cofactor denoted by ;| is a minor with a prescribed algebraic <
attached to i

Rule— if sum of subscripts in minor Ms even— cofactor has the sar
sign as minc

If sum of subscripts of minor is ode cofactor has the oppos
sign as minc

i.e. Cij| = (-1)*7 |Mij|

e.g.
Given A=|9 8 7
6 5 4
3 2 1

Minor of element 8 is [M12| =| 6 4 |-6

3 1
Cofactor of element 8 is 1, = - |M| =6
Becausei+j=1+2+=3isc
Also, cofactor of element 4 is,3 = - [Myg| =-9| ¢

3 2 |=6

e.g.
Giventhe matrix A=(6 3

4 2
1 5

41
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The cofactor matrix

-1 5 4 5 41

-13 1 -| 63

-1 5 5 41

3 1| -4 1 63

-2 1 -2 1
=| 18 -13 -17
-16 26 18
-10 13 21

The inverse of a matrix A is given:
A'=1 adjA =1C
Al Al
Where |A| = determinant of
Adj A = adjoint of A
C' = transpose of the cofactor matrix C

Steps in Inverting a Matrix

1. find |A|
2. find cofactors of all elemestof A and arrange them as a cofa
matrix C = [ICiil ]

3. take transpose of C to get adj A

4. divide adj A by determinant | A |

e.g.findinverseof A|= 3 |2
1)0
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|A| =-2#£0 inverse of A exists
Cx |G |G = 0 1
|Gl | Gl -2 3
Transpose
AdfA=|0 -2
-1 3
Ther

A'=1 adjA=-1 [o -sz 0 1
A 20 -1 Yy 3/

Find inverse of B 4 1-1
0 3 2| B =99
3 0 7

Cofactor matrix i

~ N
3 2| - 2 0 3
0 7 7 3 0

21 6 -9

- 1 1 -1 - 141 =| ¥ 31

0o 7 3| 7 0 5-8 12
1 -1 -1 4 1
3 2 0 2 0 3

\ /

AdjB= (21 -7 5

B'= 1 adijB=1 |21 -7 5
|B| 9 6 31 -8
9 -3 12
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Given a system of equations, the solutices in multiplying the invers
B™ by the column vector

Cramer’s Rule

Cramer’s rule gives the rule for finding the sadutiof a system ¢
equations ¢

a1 Q... d... an
% @p.. & .. an

Xi=1Al =1
Al 1Al mo & G &n
(jth column replaced by

X1=1 |A]
|A|

X,=1 |A2|
|A|

Cramer’s rule involvefirst finding the determinant. To get the solut
value of the jth variable; we replace the jth column of the determir
by the constant terms d ... dn. This gives a netgroénant denoted L
|Aj|. The new determinant;| is now divided by originedeterminant |A|
to give the value of;

Note

— matrix inversion method gives the solution valoésll endogenou

variables at once X is a vector)
— Cramer’s rule can give us the solution value ofyoa single
endogenous variat at a time (X ; is a scalar).

e.g.
(1) find the solution of the equation sys

5x; + 3% = 30 5 3 = 3
6X1—2% =8 6 -2 ), X 8
|Al=]| 5 3| =-28

6 -2
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IAl=[30 3
8 -2

= -84

1A =5 30 ‘=-14o
6 8

X1= Al =-84 =3  X,= |A| =-140=5

Al -28 IA| -28

(2) find the solution of the equation sys

X — % —X%=0 7 1 1- 0 xn 0
10 — 2% + X3 =8 10 2- = 8
6X1+ 3% —2%=7 6 3 2 )3 7

A =|7 -1 -1
10| 2 1 -61

Xl:-IAl-Izﬂ-:]- kZ:_IAidzﬁ’:3
Al -61 Al -61

X 3= |Af = -244 =4
A1l -61
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ITQ

Questior

In relation tothe solution to variables, what is the differeneeneer
Crammers rule and Matrix inversion meth

Feedbac!

Crammers rule presents the solution value of onl/unknown variabl
at a time while matrix inversion solves for theues of all the unknow
variables at onc.

Economic Applications of Matrices

46

1. Matrix algebra can be used for solving differentdeis in
economics. Such models Inde general equilibrium mode
Bordered Hessians and Jacobian models

2. Matrices can be used for finding theguilibrium price ant
gquantities market models e.g. demand and suppltiturs

3. Matrix algebra is also useful for solving Nationklcome
models.

Knowledge of the use of matrices in solving ecormomodels will be
acquired in higher levels of economic courses.
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Assessment

L Q)

Assessmen

SAQ 6.1 (tests Learning Outcome 6.
a. Find the inversef the following matrix:

A= (7 6
0 3
b. Use Cramer’s rule to solve the following systerhequatior

3 —2% =11
2X1 + X = 12

SAQ 6.2 (tests Learning Outcome 6.
Highlight 3 economic models where matrices areiagble’
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Study Session 7

Diftferential Calculus and its
Application in Economics

Introduction

Learning Outcomes

In this study sessi, you will examinethe concept of differenti
calculus. However, befoithat, | shall take you through some conceg
clarification of the concept of limit and the dexiive.

Upon completion cthis Study sessioyou will be able tc
= explain the derivative of a function.
= apply the different rules of differentiation.

= apply the concept of differentiation to Economics

Rate of Change and the Derivative of a Variable

48

In differentia calculus,we can consider the rate of inge of a particular
variable y in response to a change in another bigria, under thi
condition that the two variables (y and x) aretedlato each other by tl
function

Y =f(x)

The variable y can be referrto as the endogenous variable and x
exogenous variable. This is just an example ofdingple case whel
there is only a single parameter or exogenous blaria the model. Th
different extensions to the case of more than cwgenous variable i
the model can then be made once we have masteresintimkified case

When the variable x changes from the val, to a new value 4, the
change is measured by the differen;-xo. We can then use the syml
A (the Greek capital delta, for difference)define the change. We ¢
therefore writ

AX=%X—X

In addition, we can denote the value of the fumcf{@) at various value
of x. This can be done by using the notatior) to represent the value
f(x) when x = 3. Therefore, for the functiof(x) = 2 + », we can
determine it as f(0) = 2 +’= 2; and similarly, f(2) = 2 +2= 6.

Furthermore, it should be noted that when x chafrges an initial value
Xo 0 @ new value |, + AX), the value of the function y = f (x) in equati
1 will also chinge from f(x) to f(Xo + Ax). The change in y per unit
change in x can be represented by the differenctent
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Ay = (X + AX) = f(xo)
AX AX
This formula measures the average change

In most cases, we are interested in the of change of y wheAx is very
small. In such a situation, we can obtain an appration of Ay/Ax by
dropping all the terms in the difference quotientolving the expressic
AX. In this case, the smaller the value A%, the closer is th
approximatiol to the true value ofy/Ax. This can be expressed
symbolic term a:

limAy = lim  f (g + Ax) — f(Xo)
AX0 AX »AXx 0 PAX

The symbcAI)i(mO can be interpreted as the limit of the functionthe

equation a:Ax approaches 0. If asx tends toward zeraAk — 0), the
limit of the difference quotierA y/A x exists. hat limit is identified a:
the derivative of the funon y = f(x).

It should however, be noted that a derivative ifumction, that is i
derived function. The original function y = f(x) & primitive function
and the derivative is another function derived fritmin addition, sinct
the derivative is amit of the difference quotient, the derivative malsio
be a measure of some rate of change. Derivativeslsa be denoted |
using the symbol*(x ) or dy/dx. Combining these two notations, weyr
define the derivative of a given function y = f@9

dy=f'(x)=lim Ay
dx AX O AXx »

Rules of Differentiation

It is necessary to first discuss some of the rtilas apply to some typt
of function of a single independent variable: y fcknstant function),
=x" and y = b® (power functions)

Differentiation of a Constant Function Rule

The derivative of a constant function y = f(x) s#skzero for all values ¢
X. We can express this in symbolic term

dy =0 or dk=0 x=0

dx dx

Example: Given y = 63, we have dy/dx = 0(y) = C
Example: Given x = 40, we hav'(x) = 0 or dy/dx =

Therefore, the differentiation of a constant fuotis zero for all value
of x.
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Differentiation of a Power-Function Rule

The derivaive of a power function y = f (x) = Xis mx"*

In symbolic terms we can express this

dx"=mx™! or () =mx™

dx

Example: The derivative of y =° is dy/dx = dx® = 5x°* = 5%
dx

Example: The derivative of y =% is dy/dx =dx’ = 9x>* = 9%
dx

Example: Find the derivative of y . We can apply the power functi
rule to finc

dxX=0x"H=0

dx

Example: Find the derivative of y1. The process of differentiating tt
X2

function involves the reciprocal of a poweHowever, rewriting the

function as y = %, we can apply the power function rule to arrivehe
derivative

dx?=-2x%1=-2
dx 3

Example: Find the derivative of y\x. A square root is involved in th
function. However, we n rewrite the function asx = x4, the derivative
can be found as follown

d X*=1x*'=1x"*=1
dx 2 2 Vx

Derivatives are functions of the independent véeslx themselves. Fi
example, the derivative in theample dy/dx = 5%such that a different
value of x will result in a different value of tlierivative, such «

(1) =50 =5 %2) = 5(2f = 80

Alternatively, the specific values can be expresss

dy =5 _dy

dx x=1 dx x=2 ‘ =80

It is necessary to first differentiate the functif§r) in order to get th
derivative function '(x) and thereafter let x assume specific value
1(x).

ITQ

Questior
If | differentiate a function and the derivativetbe function equals zer
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what type of function did | differentiat
Feedbacl

It is a constal function.The derivatives of constant functions are alw
Zero

Differentiation of a Generalized Power Function
Rule

When a multiplicative constant k appears in the grofunctions, so th:
f(x) = kx™, its derivative can be written as:

d kx™=kmx"* or f(x) = kmx"!
dx

This formula shows that, in differentiating ™, we can retain th
multiplicative constant k intact and then differentiate the ter™
according to the power function rt

Example: Given y = 4x, we have dy/dx ="' =4X =4
Example: Given f (x) = €, the derivative is'{x) = 6(3) »** = 18¥
Example: The derivative of f(x) = % is f{(x) = 4(2) x** = -8x>

ITQ

Questior

What is the difference between a power functioe exld a generalist
power function rule

Feedbac!

The later takes into account the presence of aphaditive constant ii
the function beindifferentiated.

Differentiation of a Sum — Difference Function Rule

The derivative of a sum or difference of two fuoos is the sum c
difference of the derivatives of the two functic

If the function is a sur

d [f)+gx)] =df() +dg(x) =f(x)+g(x)
dx dx dx

If the function is a differenc

d[f(x) —g(q)] =df(x) -dg(x) = f(x) - g'(x)
dx dx dx
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Example: Given y = 22 + 13¢ — X’. The derivate of this functic
according to the sum difference rule:

dy =d (3% +13¥ - X°) =6x + 26x — 2x = 30x

dx
Example: Given the functicd (aX + bx + c)
dx

The derivative id (aX + bx + ¢) = 2ax + b
dx

Example: Given the function 2+ 2¢ — 3x + 35
d=21¥+4x-3
dx

In the last two examples, ticonstant k and 35 do not really produce
effect on the derivative, because the derivativa obnstant term is zer
In contrast to the multiplicative constant, whick ietained durin
differentiation, the additive constant drops

Product Rule

The derivative of the product of two (differentiablejnictions is equal t
the first function times the derivative of the seddunction plus th
second function times the derivative of the fitsidtion

d [f(x) g(x)] =f(x) dg(x) + g(x).df(x)
dx dx dx

=f(x) g'(x) + g(x) f(x)

Example: Find the derivative of y = (2x + 3) ?)
Let f(x) = 2x + 3 and g(x) = & . Therefore,{x) = 2 and (x) = 6x

d [(2x + 3) (39)] = (2x + 3) (6X) + (3%)(2) = 18X + 18x
dx

Quotient Rule

The derivative of the quotient of two function)fg(x), is:
df(x) =f(x) a(x) = f (x) d(x)

dx g(x) (%)
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Exampled 2x — 3
dx x+:

Let f(x) = 2x—3: g(x) = x + 1;{x) = 2: d(x) =1 d(x) = (x + 1}

2(x + 1)— (2x=3)(1F 5
(X + 1)° (x + 1)

Example giver 5x
X?+1

F(x) = 5x; g(x) = 7 + 1; f(x) = 5; d(x) = 2x; d(X) = (x* + 1Y

d5x = 5(¢ + 1) — 5x(2x) = 5(1-X)
dx 2+ 1 G+ 17 (6 + 1Y

Chain Rule

If we have a function z = f(y), where y is in tuanfunction of anothe
variable x, say, y = g(x), then the derivative afith respect to x is equ
to the derivative of z with respect to y, times derivative of y with
respect to

This can be expressed
dz = dzdy = f(y) g'(x)
dx dy d

This rule is known as the chain rule (function déiaction’
Example: If z = 3% where y = 2n + 5, then

dz= dzdy

dx dy d

dz =6y dy=2
dy dx
=6y(2) =12y = 12(2x +!
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ITQ

Questior

If y = 4(5x + 72, which rule can be easily applied asides the @t
rule”

Feedbac!

The chaiirule. By denoting (5x +7) by any letter, say z, one cast
derive dy/dz before deriving dy/dx amultiplying both derivative

Some Economic Applications of Differentials

54

As an illustration of the application of differesis in economics, let t
consider the concept of revenue and

For example, if we are given an avere revenue (AR) functic in
specific fo

AR =10-Q

The marginal revenue (MR) function can be foundfibst multiplying
AR by Q to get the tot-revenue (TR) function:

TR=AR.Q=(1-Q)Q=10Q-8
And then differentiating THto yield the MR
MR =dTR=10-2Q
dQ
The average revenue can also derive
AR =TR=P.Q= P

Q Q

With respect to Cost, the marginal cost (MC) casoabe derived b
differentiating thetotal cost (TC).

For example, given the total cost funct
TC=Q3-10 G +40Q

The marginal cost can be derived

MC =dTC = 3@ - 20Q + 40

dQ

The total cost can also be derivec
AC=TC=Q -10Q + 40
Q
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Study session summary

ey

In this study session you learned how to:
= explain the derivative of a function.
= apply the different rules of differentiation.

= apply the concept of differentiation to Economics.

What do you understand by the derivativea function’

Summary
Assessment
@ SAQ 7.1 (tests Learning Outcome 7.
Assessment SAQ 7.2 (tests Learning Outcome 7.

Find the derivatives of the following functio
ay=7¢+3

b.y = (3x + 2)(49

C.y= (4% —7x)I3%

SAQ 7.3 (tests Learning Outcome 7)

A firm has a revenue function of the type TR :0q— 50d. If its total
cost TC = 40 + 210q — 60g+ 754, find the;

a. Output for which profit is maximised
b. Profit at that output level

55
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Study Session 8

Integral Calculus

Introduction

This study sessic introduces the concept of integration. The b
relationship between integral calculus or integratand differentiatiol
shall be explored. This will help in understandihg rules of integratior
the different types of integrals and its applicatinc Economics

Upon completion of thiStudy sessiogou will be able tc
= explain the integral of a function.
= apply the basic rules of integration.

= apply the concept of integration in Economics.
Outcomes

The Concept of Integral Calculus

In the previouslectures we discussed the concept of differentiat
whereby our preoccupation was to find the valuethefchoice variable
that maximize (or minimize) a specific objectiwinction. In this presel
study sessic we are interested in tracing back tlime path of some
variables, given a known pattern of change (orvaminstantaneous rée
of change).Take for example, suppose that the ptpuol size H i
known to change over time at the r

dH=t" e (1)
dt

We then try to find wat time path(s) of population H = H(t) can yiel@
rate of change in (1). In other words, we try tce the percentage of t
function in (1). Eq. (1) was found by differentiation, we are n
confronted with the problem of uncovering the ptiva furction that
was differentiated to produce eqn (1). Hence, wes meed an exa
opposite of the method of differentiation, or offeliential calculus. Thi
method is called integration, or integral calct

Given that the primitive function that produceqn (1) is H(t) = 22
thus apparently qualifying as a solution to ourlyem. The concern

that there also exist similar functions, such a§ H@™? + 15 or H(t) =
2t2 + 99 or, more generally.

H) =22 +¢ ... (2) (c = an arbitrary caast) which all yield th
same derivative (i.e. egn 1). The question theeefas how do wi
determine for some, the exact primitive functioattiielded egn 1? Tt
solution is not far fetched, an additional inforinatmust be provide
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into the model, wally in the form of what is called the initial adition
or boundary condition. Given that the initial caiwt is provided, thi
value of the constant ¢ can be made determinatén@é= 0 in egn (2
i.e. H(0) = 0, we ge

H() =2(0"?+c=c

Butif H(0) = 100, then c = 100 and eqgn (2) becol
H(9t) = 22 + 100.

Note that H(O) refers to the value of H at t =.8, at the initial perio
Thus, for any given initial population H(0), theng path will b
H(t) = 212 = H(0).

Hence, the populion size H at any point of time will, in the pres
example consist of the sum of the initial populatid(0) and anothe
term involving the time variable

ITQ

Questior

What is the likely difficulty of integrating an imlly differentiatec
functior without setting an initial or boundary conditic

Feedbacl

There can be several similar functions that cavesas the primitiv
function of a differential. For example, the intaigof 14x is 72 (that is,
when 77 is differentiated, we get 14x). Withba boundary conditior
7% plus any constant will yield 14x. So merely intdgra 14x canno
yield a definite integral or primitive function wibut a boundar
condition

Indefinite Integrals

58

The Nature of Integrals

Integral is know to be the reverse of differentiation. If the diffatiation
of a given primitive function F(x) yields the demtive f(x), we car
“integrate” f(x) to find F(x), given that the relant information ar
provided to determine the arbitrary constant whieill arise in the
process of integratio

F(x) is referred to as an integral of the functifx).
The standard notation used to denote integi

Thus, the integration of f(x) with respect to >[ f(x)dx
Where [ - is the integral sign

f(x) — is the integrand (function to be integrated)
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dx — reminds us that the operation is to be performet reispect to

Note that f(x) dx can also be taken as a singliéyesutd interpreted as ti
differential of the primitive function F(x) [i.e.F{x) = f(x)dx].

The integral sign in front gives the instruction foretleversal of th
differentiation process that gives rise to theatihtial

Thus,dF(x) = f(X) —> [f(x)dx=F(X)+c ......(3
dx

The integra [f(x)dx, is more specifically known as the efinite integral
of f(x). Why? lecause it has no definite numerical value. ltsevahll in
general vary with the value of x (even if ¢ is défsed)

Basic Rules of Integration

Our knowledge of the rules of derivation in thevoes study session
will go a long way in understanding the basic rules ofgrggon from
the following derivave formula for a power functio

dx™  =x" (where n#-1)

dx n+]

The expressiox™ is the primitive function for the derivative funati
x"; thus by

n+1

Substituting these for F(and f(x) in egn (3), we may hathe result as a
rule of integratior

Rule 1: Power Rule
[x"dx = _1x"'=c (n#-1)
n+1
Example 1: finc[x* d x, here we have n = 2, and
therefor:
[x*dx=1x*+c
3

Example 2: Finc[ 1dx, (x# 0) since
X3
1/x* = x3, we have x = -3. Thus, the integral is
[1dx=1 x*+c=-11+c
-2 2 %

:-l_+c

59



ECO104 Introductory Mathematics for Economics

60

2%°

Rule 2: Exponential rule
[¢fdx =€ +c

Rule 3: Logarithmic rule

[Ldx=Inx+c (x>C

X

This is a special form of power function where -1
Variants of rule 2 and 3 exist and they have tileviong rules
Rule 2¢

[1(x) €™ dx = é¥ + C.

Rule 3a

[f{(x) dx=In f(x)+c [f(x) >0]

F(x)

or In [f(x)] + ¢ [f(x)# O]

ITQ

Questior

If I have a differential dy/dx = x, what will beahntegral using th
power rule of integratior

Feedbac!
[xdx = %(°) + ¢

Rule 4: Integral of a sum

The integral of the sum of a finite number of fuons is the sum of tr
integrals of those functions. In other words, fdwa-function case, this
implies:
[[f(x) + g(9)] dx = [f(x) dx + [g(x)dx
Following from tte illustration given in eqn (3);
d [F(x) + G(¥)] =d F(x) +d G(x) =f(x) +g(x)
dxdx d
N J J \ J
Y Y Y
A B C

Given that A = C, which is true, then we can agply same process us
in egn(3) thus,

[[F00) + g()ldx = F(x) + G(x) + ¢
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But the fact that we can split A, the function,oirttvo, (B) implies tha
we can have two independent constant a

[f(x) dx = F(x) + ¢ and[g(x) dx = G(X) + ¢

Thus by addition, we har

[f(x) dx + [ g(x) dx = F(x) + G(x) + ¢+ &

Since the constanty and ¢ are arbitrary in value, we can letc; + G.
This we hav

[f(x) dx + [g(x) dx = F(x) + G(x) +

Example 8..

Find [(2x° + 3x + 1) dx. By Rule 4, this integral can be exgetl as
sum of three integra

= [2x% dx + [3xdx + [ 1dx

2>{§+l+c13x1+1+ czlxofl +G
=L 3+1 *L 1+1 +| 0+

Note that ° = 1
=2X+3X+X+ G+ 0+ G
4 y

=xX"+3¢+x+c wherec=crc+ G

N

d
Z

Example 8.2

Find| Eegug }x
5+ 7

If we follow rule 4, we can integrate the two addit term in the
integrand separateland then sum the results. Since th® term is in
format f(x) € in rule 2a, with f(x) = 3x, the integral is* + c,.
Similarly, the other term, 15x/(® + 7), takes the form of'(x)/f(x), with
f(x) = 5% + 7 > 0. Thus, by rule 3a, the integralrigx® + 7) + 6.

Hence we can writ

[[ 3¢ +15x X = &+InG¥+7)+c
B+ 7

Wherec =, + G.
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ITQ

Questior

The rule for the integral of a sum is applicabléht® integral of :
difference between two functions. Based on 1[[f(x) — g(x)]dx will be

Feedbac!
[f(x)dx - [g(x)dx

Rule 5: Integral of a Multiple
[kf(x)dx = k[f(x)dx where k is a consta

This means that, the integral of k times an intedrgwhere k is .
constant) is k times the integralintegrand.

Example 8.:
Find [-f(x)dx where k = -1, and thus
[ - f(x)dx =- [f(x)dx

Example 8.«
Find [2x dx
[2x3 dx = 2[x*dx =2X" + ¢
3+1
=x* +¢
2

Rule 6: Substitution rule

The integral of f(u) (du/dx) w.r.t. the variableix the integral of f(u
w.r.t. the variable 1

[f(u) du dx =[f(u) du =F(u) +c
dx
Proof

Given a function F(u), where U = u(x), the chaiterwill be applied her
and it state that:

d F(u) =d F(u) du= F(u) du= f(u) du
dx du dx dx dx

Since the derivative of F(u) is f(u) (du/dx), thetowing from eqgn (3)
the integral of the derivative [f(u) du dx = F(u) +

dx




Study Session 8

Example 8.t
Find [2 (¢ + 1) dx
By simple rule, we can multiply the integr:
[2x (¥ + 1) dx =[(2x°+2x) dx =2%" + 2¢*" + ¢
3+1 1+1
=x* +¥+c
2
We can now apply the substitution rule t
U =x*+ 1; then du/dx = 2x or dx = du/2x
If you substitute for dx, and u in the problem, wiél have
du = [2x.u.du=[udu

dx 2
[udu =’ +¢ [substitute for u]
2
=10¢+1f +q = 1 +2¢+ 1) +g
2 2
=x*+x¥+c
2
[wherec =% +4

Example 8.5
Find: [86”*° dx
Solutior
Letu=2x+3;du/dx=2, or dx=d
Hence
[8e>*3dx =[8€'du = 4[e"du =48+ c=4é"+¢
2

[Note from Rule 2 the[ €' = €]

Rule 7: Integration by parts

The rule states that the integral of v w.I- u is equal to uv less tt
integral of u w.r.—v.

[vdu =uv- [udv

Proof
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Definite Integrals

64

If you remember from the product rule of differahtivhere d(uv) = vdi
+ udv

If we then integrate each differential, we

[d(uv) =[vdu + [udv
Uv = [vdu + [udv

By subtracting [udv from both sides, we have
Uv - [udv = [vdu.

Example 8.¢
Find: [xe?; using integration by parts.

—>
Letu =x, du=1; dv =% [dv=v [ =15 &

Thus, [x€” dx = x..16” - [1 €™ .1dx
2 2
= xe™ - 1[e”dx + ¢ =_Ixe” — 1%+ ¢
2 2 2 4

ITQ

Questior

Given the functiory = 8x(> + 3), which integral rule is applicable
integrating the function, integration by part oeigration by
substitution

Feedbacl

Integration by substitution. This is because tliegrand can b
expressed as a constant multiple of another fumu and its derivative,
duw/dx. That is, X + 3 can serve asand its derivatividu/dx = 2x can be
used to divide 8x to get a constant multiple 4sAsh a new integrar
can be forme([ 8x. u.du/2x = [4.u.du.

All the integrals cited inthe preceding section are of the indefil
variety; each is a function of a variable and, leepossesses no defin
numerical value. Now for a given indefinite integaf a continuou:
function f(x)
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[f(X) dx = F(x) +

If we choose two values of x the domain, say a and b (a < b), substi
them successively into the right side of the equetiand form thi
difference

[F(b) + c]- [F(a) + c] = F(b) — F(a)

We get a specific numerical value, free of variablas well as th
arbitrary constant c. his value is called the definite integral of f(x@rn
a to b. a is referred to as the lower limit of gregion and b, the upp
limit of integration. The evaluation of the defmitintegral is the
symbolized in the following stef

[ 600 dx = F) [a= F(b) - F(a)

Example 8.7

Evaluate [abke* dx

[,7 ket dx = ke [ = k(€ - &)

The definite integral has a definite value. Thaugamay be interprete
geometrically to be a particular area under a gougne
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The graph of a continuous function y = f(x) is draiv fig. 8.1
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If we seek to measure the area A enclosed by thee and the x axi
between the two points a and b in the domain, wg praceed in th:
following mannel

1. We divide the interval [a] linto n sub intervals, we have four
suchin fig. 4.1, i.e. n = 4 — the first being, (%) and the last, (x
Xs). Since each of these represents a change in mayerefer tc
them asA x;... A X4, respectively.

2. On the sub intervals, construct faactangular blocks such tr
the height of each block is equal to the highedueraf the
function attained in that block (which occurs at tleft-side
boundary of each rectangle here). The first bloak the heiglr
f(x1), and the widthA x;, and in geeral, the ith block has ti
height f(x) and widthA x;. The total area x (height x width x
of this set of blocks is the sum.

A =3"_. (%) AX, (n = 4in fig. £.1)

A* is the approximate value of the true area Aslapproimate because
it overestimates the actual value of A. But in lingt (i.e. as n—» =),
A* will approach the true value .

Lim Y= f(x) Axi = lim A* = area A
no* n 0 —

How is eqn related to intection? You will notice that the summati
expression in eqry." -1 f(x; ) Ax;, bears a certain resemblance to
definite integral expressi
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[abf(x) dx. Indeed, the latter is based on the for

When theAx; is infinitesimal (very small), we mi replace it with the
symbol dx

The summation sigi}."i - 1 represents the sum of a finite numbel

terms. When we let» o, and take the limit of that sum, the sym
b .

[2> is used.

Thus, [ f(x) dx = lim Y"-; f(x;) Ax; = Area A.

The sand definite integral (referred to as a Riemamegiml) now has a
area connotation as well as sum connotation bec(,” is the
continuous counterpart of the discrete conce " -,

The overestimated area A*, is approximated to the trea A, as n—>
o in the internal (a, b), the resulting limit ofetsum of block areas
called the upper integral. We could also approxenaea A from belo
by forming rectangular blocks inscribed by the anedher that
protruding beyond it lik the earlier case. The total area A** that er
from this new set of blocks as-a» oo will underestimate the true area
This last limit is called the lower integral. Hente Riemann integr:
[abf(x) dx is defined, if and only if, the upper armver integral are equal
in value and the function f(x) is said to be Riemamtegrable. Accordin
to the fundamental theorem of Calculus a functsimtegrable in [a, b] |
it is continuous in that interv

Properties of Definite Integrals
Property .
[2F(x) dx =- [ f(x) dx

Pli
[f(x) dx = F(a)-F(a)=0

P1ll: additive property
[2F(x) dx = [ f(x) dx + [,°f(x) dx + [ f(x) dx (a<b<c<c

PIV
[ - f(x) dx =-[2f(x) dx
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PV
[£ kf(x)dx = K[ f(x) dx

PVI
[ [f(x) + (T dx = [2'f() dx +[a’g(x) dx

PVII

[P vdu=uv[a-27P- [x=a"Pudv
hye;
Questior
Evaluate the definite integr [41 8xdx.
Feedbac}

[* 8xdx = 4X[",= 4(4Y - 4(1} = 64 —4=60

Improper Integrals
Two varieties shall be discusst
a. Infinite Limits of Integration and
b. Infinite Integrand
When we have definite integrals of the f
[4° f(x) dx and[-.” f(x) dx

With one limit of integration being infinite, wefex to them as impropt
integrals

The first improper integral cited above can berd=lito be the limit ¢
another (proper) integral as the latter's uppeitlohintegration tends t

oo’ 1.e.

[&F(x) dx = lim [Q f(x) dx
b « —>
Example 8.8

Evaluate[; dx
2

X
we note the

[Pdx-1b :% +1
¥ x 1 b
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The desired integral

["dx =lim [, dx=|im;1+1=E ]
X2 b —pw £ b o b —

The impropeiintegral does converge, and it has a value
By the same token, we can de

[-2f()dx = lim [ f(x)dx

a - —>

Infinite Integrand

Evaluate [ o' 1 dx

X
[&1dx =Inx F =In1-1Ina=-Ina [ for a>0]
X a

And then in the limit as a— "

[0'1 dx = lim [41dx =lm (ina)
X a—" X —»a ‘o

Since this limit does not exisas a —» 0, Ina —» -0 ] the given
integral is diverger

Some Economic Applications of Integrals

(1) We can obtain marginal function from a givetat function throug|
the process of differentiation. Because integrati®rthe converse «
differentiation we should be able to infer the totaiction from a giver
marginal functior

Example

If the marginal propensity to save (MPS) is thdofwing function of
income ¢(y) = 0.3 — 0.1 ¥* and if the aggregate savings S is nil w
income Y is 81, find the saving function S(

Solution
S(Y)=[(0.3-0.1y? dy =0.3y - 0.2 + c
The precondition given S =0, when Y =
Hence
0=0.3(81-0.2(81) '+ ¢

C=-225
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The desire(saving function is
S(Y) = 0.3Y- 0.2Y*-225.

(2) The capital formation is the process of addimga given stock c
capital. If this process is continuous over time, may express capit
stock as a function of time, K(t), and use the\dgive dk/d to denote
the rate of capital formation. But the rate of talpiormation at time t, i
identical with the rate of net investment flow eme t, denoted by I(t]
Thus, capital stock K and net investment | areteeldy the following
two equation:

dk=1(t)

dt

and k() =[I(t) dt = [dk dt =[dk
dt

Example

Suppose that the net investment flow is describethé equation I(t) :
3t* and that the initial capital stock, at time t =i K(0). What is the
time path of capital K? by integrating I(t.r.t. t, are obtaine

k(t) = [I(t) dt = [3(t)*dt = 2%+ ¢

Next letting t = 0, in the leftmost and rightmogpeessions, we find K((
= c. Therefore, the time path of k

K(t) = 262 + K(0).

Study session summary

In thisstudy session you learned, abthé integral of a functic. You
went further to apply the concept of integratiofEzpnomics

Summary
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Assessment

Q)

Assessment

SAQ 8.1 (tests Learning Outcome 8.

Whatis the main difference between definite integral andefinite
integral’

SAQ 8.2 (tests Learning Outcome 8.
Using integration by part evalue [2x/(x — 8Ydx
SAQ 8.3 (tests Learning Outcome 8.

Given MC =dTC/dQ = 32 + 18Q — 12&) FC =43. Find the TC, AC ar
VC functions
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Answers to Self Assessment Questions

72

SAQ 1.1
Three advantages of using mathematics in econcamg

1. It helps to convey economic information in pre@ase concist
language.

2. It ensures that all necessary assumptions undgrany
economic analysis are well stated ab-initio.

3. It helps to provide a wealth of theorems that areulge
economic analysis

Two disadvantages of using mathematics in econoan&
1. ltis abstract and a little technical.
2. It could lead to loss of important verbal economformatior
SAQ 1.2
Mathematicaeconomics (using graphs and equatio
SAQ 1.3

While econometrics deals with the measurement ofi@oic data usin
statistics and hypothesis for testing empirical lgsig, mathematice
economics is concerned with application of mathé&sato purely
theoretical economic

SAQ 2.1

A. They cannot be used as ratios, so they cant beiiseding ratios
rates, percentages and fractions related problemmathematice
modelling.

B. Moreover, using them in mathematics require tecirkioowledge o
thar functions

C.They are special numbers that are not needed inadiematica
solutions. For example, = 3.1427.....is only used in geometry rele
problems and hardly used in econon

SAQ 2.2

Let Economics, Sociology and Geography denote B¢SG.

L =260, n[E S G] =240, n[E] = 70, n[S] = 130, n[G] = 150, 1 §]
=50, n[E G]=x,n[S G] =105, n[E SG] =40

n[E S G]=n[E] +n[S] +n[G] - n[E S]-n[SG] -n[E G] +
nE S GJ




Answers to Self Assessment Questions

240=70+130+ 15-50-105-x+40

240 = 39C- 155 - x

240 = 235 x; x =240 - 235

X =5, that is, 5 students are offering Economitd @eograph

SAQ 2.c

Q can take any value from 0 to 150, so the doma{®/6<Q<150}
The range; Minimum value for C (when Q = 0) = 308(®) = 30!
Maximum value for C (when Q = 150)300 + 8(150) = 12(

The range = {C/3(<C<1200}

SAQ 3.1
One linear function is y 8y + B1X

Onecubic function is y =, — 03X + aX° + azx° [change of parameters
both functions do not matt

SAQ 3.2

Non algebraic functions are functions that tlindependent variables ¢
not expressed in an algebraic way. For exampleyithgnic functions
like y = alogx and exponential functions like y *

Constant functions are a type of polynomial functichich have a ranc
that consists of just one elemeThey are functions whose high
degree of independent variable is 0. Since anylbiraised to 0 eque
1, the independent variable does not appear ifutiion expressel
EQg.y=15Q=2,y=— X

SAQ 4.1
a (4 o0 b. ( 4 0
| -1 k4
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SAQ 4.
7 7 10 3 3 =2
a. 8 7 5 b.| 2- 7 7

cC.3A=1|-2 5 4 = -6 15 12
3 0 -6 9 0 -18

d. For two matrices to be conformable for multigtion, the number ¢
columns in the first must equal the number of rawthe second matri;
Matrix A has 3 ccumns. However, matrix B has 2 rows. It needs
more row, for the matrix AB to be gott:

e.
AC =| -2(3)+5(1) + 4(6) = 6+5+ 2
3(3) + 0(2) + -6(6) 9+ 0-36

-

Note that since A is a 2x3 matrix and C is a 3xIrimahey arematrix
conformable for multiplication and their result hbs a 2x1 matri:
(rows of A and columns of C

SAQ 5.1
5 1 % 20
-1 -2 % = 12
3 0 5 % 12
SAQ 5.
A=
Al =| 5 =5(1)2(0) = 5




Answers to Self Assessment Questions

Bl= 7 0 2
Bl=| 7 6 2
0 31
2 0 4
= Bl =7 | 3 60| 1 +2 3
0 4 2| 4 2

= 7{3(4) - 0(2)} -6{0(4) — 2(1)} +2{0(0) — 3(2)}
= 7(12)6(-2) + (-6)

= 84+1-6

= o

SAQ 5.

Two proofs exist. First, it is obvious that therents on th second row
are 1.5 times the respective elements on theréive.

(3 6] = 15 2 4]

Conversely, the elements on the first column armés the respectiv
elements on the second colur

BN

This means fere is a linear interdependence between the firstand
the second row and between the first column ands#e®mnd columr
Based on this, matrix A is a singular me

Second, we can find the determinant of matrix A seel if our result wil
equal C

IA| = 2 =2(6)-4(3) =12-12=0

The result shows that matrix A is a singular matixd as such tf
inverse of matrix A, /* does not exist, neither does a unique solt
exist for it
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SAQ 6.1
a.|A] = 7(3-6(0) =21
Minor of 7 =
Minor of 6 = (
Minor of 0 = ¢
Minor of 3 =1
c = (3 0)

6 -7

g J
C' = (3 6) =AdjintA

0 -7
- J

A= Adjoint A/JA| = 1/21 3 6
0 -7

b. In matrix form
3 - % = 11
2 % 12

A= |3 -2 |Al =3(1)-(-2)(2)

SN
=7

To solve for ;; and x%;

Substituting d into the first column of A to formamnix A;and dividing
the determinant of ; by the determinant of A, we ha

A= (11 -2 |Al =11(1) - (-2)(12)

{12 1} =11+ 24

= 35

X1 = |Aql/|JA] =35/7=5
Following the same process for the second colun#tofsolve for :,
A= {3 1 } 1A = 3(12) — 2(11)

2 12 =36-22

=14

X2 = |A/|A| = 1417 = 2.

xi=5and,=2




Answers to Self Assessment Questions

SAQ 6.

Relevant economic models include input output nmdmnstraine
optimization models, general equilibrium models dachand and supp
models

SAQ 7.1

The derivative of a function is tlimit of the difference quotient as ti
independent variable tends towards zero. It measheerate of change
the dependent variable of a function as the indégetvariable change
and particularly tends towards zero. If there figraction, y = (), as x
changes from an initial valug to a new value ¢+ Ax), the value of the
function y = f(x) changes to fy + Ax). This change is represented by
difference quotient derived i

y+Ay =f(x+AX)
Ay = f(xo + AX) —y
Ay = f(Xo + AX) — f(X)
Ay=f(xq + AX) — f(X)
AXAX

SAQ 7.
a.y = 7¥* + 3, using power rule;

dy/dx = 14

b.y = (3x + 2)(4?), using product rule,
dy/dx = [ (3x + 2)8x + (49)3]

dy/dx = [24»* + 16x + 12X]

dy/dx = [36)% + 16x] = 4x[9x + 4]

c.y = (4% — 7x)I3X%, using quotient rule;
dy/dx = [(3°)(8% — 7) - (4% — 7x)6x] / (3%)*
dy/dx = [245% - 21X — 24% + 42X] | 9’
dy/dx = 212/ 9% = 7x / 3%

SAQ 7.:
a. Given TR = 900q — 50q
TC = 420 + 210q — 6bg 75¢
Using y = h(x) -g(x) , where dy/dx = dh(x)/d— dg(x)/dx
N=TR-TC
dIl/dq = dTR/dg — dTC/ dq
d II/dg = (900 — 100q) — (210- 120q + 22pq
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=900 — 100q — 210+ 120q - 275q
= 690 +20q - 2250 0
= -225d + 404q — 384q + 690
=(-g-1.7)(225q — 404) =0
-q-1.7=0;q9q=-17
225q-404=0 ;9=1.8
Usingthe positive value, q = 1.8
b. MT=TR-TC
II = 900q — 500 [420 + 210q — 6Cg+ 75¢%

Opening the brackets and substituting q = 1.8 & haw

I = -75(1.8- 10(1.8F + 690(1.8) — 420

IT =417

SAQ 8.1

The definite integral is a unique e-derivative or integral which can |
evaluated by using the fundamental theorem of aa¢The
fundamental theorem of calculus states that theenigal value of the
definite integral of a continuous functif(x) over the interval from a to
is given b the indefinite integral evaluated at the uppertlb minus the
same indefinite integral evaluated at the lowertlwhintegrationa,
while the constants which are common to both eviaos are eliminate
through subtractio

[ 600 dx = F) [a= F(b) - F(a)

On the other hand, indefinite integral is a sedlbpossible integrals ¢
antiderivative of the integrarf(x).

SAQ 8.2
[ 2x1(x — 8Ydx
Let f(x) = 2x,f'(x) = 2, andg*(x) = (x — 8)°, theng(x) = [ (x — 8)%dx
= -1/2(x— 8)?
Given theformula for integration by part;
[f0g'(x) dx = f(x)9(x) - [g(IF(¥) dx
[2x/(x — 8)dx = 2x{-1/2(x — 8)?} - [-1/2(x — 8)*2dix
= -X(X — 8)° + [(x — 8)%dx
=x(x—8)*- (x—8) +c¢

SAQ 8.:
TC = [MCdQ = [(32 + 18Q — 128)dQ




Answers to Self Assessment Questions

=32Q+98-4Q +c
AtQ =0, TC =FC. Since FC =4c =43
TC =32Q + 9C - 4Q + 43
AC = TC/Q = 32- 9Q - 43 + (43/Q)
VC = TC-FC = 32Q + 96— 4Q
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