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Vice-Chancellor's Message

| congratulate you on being part of the historiolation of our Centre for
External Studies into a Distance Learning Centree Teinvigorated
Centre, is building on a solid tradition of neanyenty years of service to
the Nigerian community in providing higher educatito those who had
hitherto been unable to benefit from it.

Distance Learning requires an environment in whigarners
themselves actively participate in constructingrtbevn knowledge. They
need to be able to access and interpret existimyleadge and in the
process, become autonomous learners.

Consequently, our major goal is to provide fulllinmedia mode of
teaching/learning in which you will use not onlyintrbut also video,
audio and electronic learning materials.

To this end, we have run two intensive workshapprbduce a fresh
batch of course materials in order to increasetanbally the number of
texts available to you. The authors made greattsfto include the latest
information, knowledge and skills.in the differafisciplines and ensure
that the materials are user-friendly. It is our édipat you will put them to
the best use.

Professor Olufemi A. Bamiro, FNSE
Vice-Chancellor
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Foreword

The University of Ibadan Distance Learning Programhas a vision of
providing lifelong education for Nigerian citizem$o for a variety of reasons
have opted for the Distance Learning mode. In they, it aims at

democratizing education by ensuring access andyequi

The U.l. experience in Distance Learning datektiacl1988 when the
Centre for External Studies was established ta cagenly for upgrading the
knowledge and skills of NCE teachers to a Bachel@gree in Education.
Since then, it has gathered considerable experiencgreparing and
producing course materials for its programmes. fEoent expansion of the
programme to cover Agriculture and the need toeng\the existing materials
have necessitated an accelerated process of coatseials production. To
this end, one major workshop was held in Deceml&62which have
resulted in a substantial increase in the numbeconirse materials. The
writing of the courses by a team of experts.andrags peer review have
ensured the maintenance of the University’'s higingards. The approach is
not only to emphasize cognitive knowledge but alstis and humane values
which are at the core of education, even in andge.

The materials have had the input of experiencetrsdand illustrators
who have ensured that they are accurate, currehteanner friendly. They
are specially written with distance learners in dpisince such people can
often feel isolated from the community of learnekdequate supplementary
reading materials as well as other information sesirare suggested in the
course materials.

The Distance Learning Centre also envisages tgular students of
tertiary institutions in Nigeria who are faced wighdearth of high quality
textbooks will find these books very useful. We #nerefore delighted to
present these new titles to both our Distance Lliegristudents and the
University’s regular students. We are confiderat tthe books will be an
invaluable resource to them.

We would like to thank all our authors, reviewarsd production staff
for the high quality of work.

Best wishes.

> C//\M B}

Protessor Francis O. Egbokhare
Director
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Course Introduction

This course builds on the basic mathematical fotiodaset out in ECO
104 as well as delving into detailed economic ajapion of those topics.

It also provides the basic requirements for micoo@mics,
macroeconomics and mathematical economics at ¢ieehlevels.
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LECTURE ONE

Linear Functions

Linear functions are functions whose graphs are saight line.
An example of such can be Q =123 — 3P

The two variables present in the function aboee@i(quantity) and P
(price) are respectively dependent and independardbles. It should be
noted that the graph of the above equation slopaswdard from left to
right because of the negative sign on the slope.

P

0 Q
The above equation can be written general form;

Q=A+BP+CY+DB+ET

Where A, B, C, D and E are constants and alsthiocertainty of its
linearity, all the variables except Q and P mushélel constant. However
any variation in those other variables will leadatshift in the curve.



Q

0

Economics makes use of certain linear functiond tmese can be
shown as in the following:

1. Tax laws Income tax is a fixed proportion of pre-tax incanThis
can be written in algebraas; D=Y —tY
Where D = disposable income
Y = Income
t = fixed tax proportion/rate  0< 1
then D=(1-1Y
D = aY where a = (1-t)
Note that the function is a positively sloped igfiné line function
because the disposable income increases as incamreases. Hence a

positive relationship.



D=a¥Y

2. Consumption function. The consumption

consumption expenditure to the disposable income.

C=a+hbD where a and b arestamt
a = autonomous consumption
b = marginal propensity to consume
C = consumption expenditure (Explained variable)
D = disposable income
Derived relations:
C=a+bD  ......... [
D=(1-t)Y ... i
Substituting equation (ii) into (i), we have;
C=a+Db[(1-1)Y]

za+(b-bt)Y
If b—bt=d, then
C=a+dy

e

function

relates

Now, the above shows consumption as directly edlgb income

before tax.



3. Simultaneous linear functions A very good example of this type of
function is the demand and supply functions.

e.g. consider the demand and supply functions dbedow
d=30-2pP
Q=-10+3P

Find the equilibrium price and quantity.

Solution
At equilibrium, the consumer and the producer axpeeted to have
reached an agreement on the quantity that willdaegbt and sold as well
as the price that will be paid and received. Th@eefequating the demand
function to the supply function will help solve theoblem.
ed=0Q

30-2P =-10+ 3P

30+10=3P + 2P

40 = 5P
P = 40/5
P=8

Substitute P = 8 into any of demand or supply fiencto get the
equilibrium quantity;
Q% =30-2(8) =30-16 =14 OR
Q°=-10+3(8)=-10+24=14

Q=14and P =8

4. Cases in Economics where some arguments leldetr equations
and some statements leading to simultaneous lewations.

Example: suppose commodities m and n are related in liferan and as
shown in the following functions

Qm = K —aiPm + aPn
Qn =K + aPm—aPn
If we take the specific form

Qm =60-6Pm + 4Pn



Qn =25+ 2Pm - 5Pn

Suppose that Qm = 24 and Qn = 15, then
24=60-6Pm+4Pn ............. i
15=25+2Pm-5Pn ............. i

From equation (i) we have
6PmM —4Pn = 60 — 24
6PM—-4Pn=36 ............... iii
From equation (ii) we have
2Pm —-5Pn =15-25
2Pm-5PNn=-10 ................ \Y

Equations (i) and (ii) have formed a simultaneonedr equation in which
two variables are related to each other. The potése two commodities
can now be obtained by solving those equations.

Multiply equation (iv) by 3

6PmM - 15PN =-30 ................. v
Subtract equation (v) from (iii)
6Pm — 4Pn — 6Pm + 15Pn = 36 + 30
11Pn = 66

Pn=6
Substitute Pn = 6 into equation (iii)
6Pm — 4(6) = 36
6PmM — 24 =36
6PmM =36 + 24
6Pm = 60
Pm = 60/6
Pm =10

Example 2 The quantity demanded of rice is given by theagign
Q=60-1/3P



a. Find the quantity demanded of rice at prices dff),and 105
b. Express the inverse of the equation
c. Plot your answer on a graph. What type of graphydidderive?

Solution:
Q=60-1/3P
a. when price=0
Q =60-1/3(0)
Q=60-0
Q=60
when price = 15
Q =60-1/3(15)
Q=60-5
Q=55
When price = 105
Q =60 — 1/3(105)
Q=60-35
Q=25

b. Expressing the inverse of the function meansenkhe subject of
the formula

Q=60-1/3P
1/3P =60 - Q
Multiply through by 3
3xY3;P=(60-Q)x3=60%x3-Qx3
P =180-3Q



Post-Test

1. The market for Sugar is characterized by the falhgwdemand
and supply functions

Qd+2P=16and Qs + 4 =3P
Determine the equilibrium price and quantity.

2. Determine the equilibrium prices and quantities tfee following

markets

a. Qs=3P-20 and P=44-0.2Qd

b. P=0.125Qs-45 and Qd=125-2P

c. Qs+32=7P and Qd-128+9P =0
d. 13P=Qs-27 and Qd+4P-24=0

3. A consumer’s demand function for petrol is représéras Q = 30
— 1/3P where Q is quantity demanded and P is pecditre.

a. find the quantity demanded when price=&INand=N22 per
litre.

b. Suppose the function changes to take the form @ = 2/3P,
find the quantity demanded at the same prices given

v



LECTURE TWO

The Firm’s Behaviour: Revenue, Cost and
Profit Functions

Total Revenue Function

If a demand function assumes P = K — aQ being aioekhip between
price and quantity demanded, then

Total Revenue (TR) =P xQ =(K-aQ) Q
TR=KQ -4&Q
The TR function here is a second degree polynoamdlthe curve is

curvilinear. In generaljnear demand functions give rise to curvilinear
TR functions.

Profit Function
If the firm’s Total Cost (TC) function takes therfo

TC = F + bQ (where F = Fixed Cost and b xidfde cost per unit)
Then TR — TC gives a profit function in terms of.©f(Q)

If we denote profit byt, we can have
T=TR - TC = KQ — a®- (F + bQ)
T=KQ-aG-F-bQ
Which we can further express as
T=-aF+(K-b)Q-F

The profit function is also a curvilinear functiare a second degree
polynomial.



Given this background, it is possible to find thentity of goods that
should be produced to satisfy the level of prdfiattthe producer may
want to attain at any point in time.

Assume that the parameters K, F, a and b takedaloes 18, 50, 1 and
3 respectively i.e the demand function is P = 1@ -and the total cost
function is TC =50 + 3Q

TR=PxQ=18Q-&®TC=50+3Q

T=-Q+(18-3)Q-50
T=-Q+15Q - 50

Let us now solve for Q at different profit levels

e.g.
At what level of output will the firm breakevengi.a point when profit =
0)
If 7T =0, then
-Q*+15Q-50=0
Q*-15Q +50=0
Factorize to solve for Q
(Q-5)(Q-10)=0
Q-5=0; Q=5
OR Q-10=0; Q=10

It is also possible to find the level of out p@)(at which profit is
equal to say 6.
If T =6, then

-F+15Q-50=6

F-15Q+50=-6

F-15Q+50+6=0

F-15Q +56 =0



Factorizing the equation, we have
Q-7 (Q-8)=0
Q=70rQ=8

Example 2 Suppose the demand function of a firm is giverQoy P — 20
= 0 and its cost TC — 48 — 4Q = 0. Find the larg@st can produce
consistently with

a. breaking even
b. making a profit o£N2
c. making a loss o£R0

Solution:
P=20-Q
Thus, TR =P x Q = 20Q -Q
TC =4Q + 48
Profit function®T = TR — TC = 20Q — &- 4Q — 48
=-Q+16Q — 48
a. mw=0
-Q*+16Q-48=0
Q*-16Q +48=0
Q-4(Q-12)=0
The largest quantity for breaking evenis Q = 12

b. w=12
-Q*+16Q -48=12
Q*-16Q + 48 = -12
Q*-16Q+48+12=0
Q*-16Q+60=0
(Q-6)(Q-10)=0
Q=60rQ=10
The largest quantity for making a profit-ei®lis Q = 10

10



C. =-20
-J +16Q —48=-20
Q®-16Q +48=20
Q*-16Q +48-20=0
QFP-16Q+28=0
Q-2)(Q-14)=0
Q=20rQ=14
The largest level of output consistent with makangss o&=X0is Q = 14

11



LECTURE THREE

Curvilinear Demand and Supply Functions

Example 1:

Suppose the market supply function is Ps*=+QQ + 1 and the market
demand function takes the form Pd =*-©Q + 4, find the equilibrium
price and quantity

Solution:
At equilibrium, demand must be equal to supply
F+4Q+1=-G-Q+4
2G+5Q-3=0
(2Q-1)(Q+3)=0
Q=%orQ=-3
Negative quantity does not make economic sensmeftire the
guantity isQ = %.

Substitute Q = ¥z into any of supply or demand fiomcto get the price

P=F+4Q+1
(1728 + 4(1/2) + 1
Ya+2+1
P=3.25

12



Example 2:

Given the market demand function P #-€Q = 11 and the market supply
function

2P — 23 + Q — 4 = 0 Calculate the equilibrium price andufity in the
market.

Solution:
From the demand function,
P=11-Q-©
And from the supply function,
P=3-05Q+2
At equilibrium, demand = supply
11-Q-8=Q¢-05Q +2
2F-05Q+9=0
Multiply through by -2
AF+Q-9=0
Q-2)(4Q+9)=0
Q-2=00r4Q+9=0
Q=2

Theother quantity is negative and it is therefore aegd.

Average Cost Functions

Average costs are costs per unit of output. Toiokdserage cost, total
cost is divided by quantity produced.

i.e. AC=TC/Q

since TC = F + bQ, then
F+bQ

Q
F

=—+Db

AC =

If the Fixed cost (F)is40 and b = 3,

13



Then TC =40+ 3b

AndAC:@ +3
Q

GRAPH 5
40

A hyperbola always has two branches. The functibova £y A3
represents a type of hyperbola called equilatarakctangular hyperbola.
A rectangular hyperbola is one whose asymptotesparpendicular to
each other and parallel to the coordinate axiss Type of hyperbola takes
the form (x —u) (y—-m) =r

Where u, m and r are constant and x and y areahables.
x = u and y = m are the asymptotes of the rectamduiperbolic function.

To see whether we can reduce the Average costidmntd this standard
form

z=29,3
Q
ZQ =40+ 3Q
ZQ-3Q =140
(Q-0)(2-3)=40
Here, Q = 0 and Z = 3 are the asymptotes of thefgic function, and
Q and Z form the variables.

Exercise

Suppose a firm producing cassava chips has thewinly cost and
revenue functions

TC =500 + 2Q; TR =8Q
i. identify the fixed cost and the variable cost friima equations
ii. what proportion of the total revenue is the varatsst
iii. atwhat quantity is profit equal to zero

iv. would you say the firm is in perfect competition ar imperfect
competition (Hint: use the nature of the TR)

14



LECTURE FOUR

The IS — LM Model

The IS — LM model describes the overall equilibrigrasition in an
economy. It is described as overall because betlgdods/commodity and
money markets are in equilibrium at the same time.

The goods market equilibrium requires that the aleinfor goods be
equal to the supply of goods. For a closed econdhe/,IS equation is
represented by

Y=C+I1+G
Where Y = equilibrium income
C = consumption expenditure
| = investment
G = government spending
Further defined,
C=a+by
Where a = autonomous consumption
b = marginal propensity to consume
and l=a-pi
wherea = autonomous investment
[ = part of investment that depends on interest rate

i = interest rate
G* = autonomous government spending.

Similarly, equilibrium in the money market requirthat the demand
for money be equal to its supply. Thus;

Mg = Ms

15



At any point in time, the money supply in an eaogois constant
(fixed) as it is determined by the monetary autlyqiCentral Bank).

However, money demand is a function of income iatetest rate. It
is positively related to income (transaction bagrend negatively related
to interest rate (speculative balance).

Mg=qY + K- Ai
With the two equilibrium positions, it is possibte examine the
overall equilibrium income and interest rate in go@nomy.

Example I Assume a two sector economy where C = 48 + 0L.8Y98 —
75i, Ms = 250 and Md = 0.3Y + 52 — 150i

a. solve for the equilibrium Y and i
b. at the equilibrium, what is the level of consumptand investment

Solution
a. Commodity market equilibrium exists whenY = C +
Y =48 + 0.8Y + 98 — 75i
Y —0.8Y = 146 — 75i
0.2Y +75i—146 =0 ..coovviinine e, [
Monetary equilibrium exists when Ms = Md
250 = 0.3Y + 52 - 150i
0.3Y = 250 — 52 + 150i
0.3Y =198 + 150i
0.3Y—150i =198 =0 ...covvvieeineaannnns i
Solve equations (i) and (ii) simultaneously
0.2Y+751—146=0 ...cccvvvvniiinnnnnn. [
0.3Y—150i—198 =0 .....vevveennnnnn. ii
Multiply equation (i) by 2
0.4Y +150i —292 =0 .ccovvvvineiinnnnn. iii
Add equations (ii) and (iii) together to eliminate

0.7Y -490=0
0.7Y =490
Y =700

16



Substitute Y = 700 into either equation (i) or (@)find i
0.2Y +75i—146=0
0.2(700) + 75i— 146 =0
140 + 751 -146 =0

751-6=0
751 =6
i =0.08

both commodity and money markets are in equilibrihen Y = 700 and
i=0.08

b. to obtain equilibrium C, substitute Y = 700dmonsumption function
C=48+0.8Y
48 + 0.8(700)
48 + 560
C =608
For I, | = 98 — 75i
98 — 75(0.08)
98-6
| =92

Example 2 Given C =102 + 0.7Y; | = 150 — 100i; Ms = 30tda
Md = 0.25Y + 124 — 200i. Find
a. the equilibrium level of income and the equilibriuate of interest
b. the level of C and | when the economy is in eqiiliim

c. if government spending G is introduced into the elpbow is the
equilibrium Y and | affected.

Solution:

Commodity market equilibrium (IS) exists when
Y=C+I
Y =102 + 0.7Y + 150 — 100i
Y —0.7Y = 252 — 100i

17



0.3Y = 252 — 100i

0.3Y +100i —252 =0 ...cccevvvrennnn. [
Monetary equilibrium (LM) exists when

Ms = Md

300 = 0.25Y + 124 — 200i

0.25Y —200i =176 =0 .....vvvenen.e. ii
Then solve egns (i) and (ii) simultaneously

0.3Y +100i -252 =0 ...ceoveveeeannnnen. [

0.25Y —200i =176 =0 ...ccvnevinnnnnns i
Multiply equation (i) by 2 to eliminate i

0.6Y +200i =504 =0 ....oevvvvneennnnn. iii
Add equations (ii) and (iii) together

0.85Y -680=0

0.85Y =680

Y =800
Substitute Y = 800 into eqn (i) or (ii)

0.25Y —200i-176 =0

0.25(800) — 200i — 176 =0

200 -200i-176 =0

-200i +24=0

200i = 24

i=0.12

b. atY=800andi=0.12

C=102 +0.7Y
102 + 0.7(800)
102 + 560

C =662

| =150 - 100i
150 — 100(0.12)
150 - 12

| =138

18



c. the introduction of government spending willeat the IS equation,
thus

Y=C+1+G

Y =102 + 0.7Y + 150 — 100i + 100
Y —0.7Y = 352 — 100i

0.3Y = 352 - 100i

0.3Y+100i—352=0......cccvcvvnvnnnn. iv
The monetary equilibrium is not affected, so waireeqn (ii) and have
0.3Y+100i—352=0......cccvevvnvnnnnn. iv

0.25Y —200i =176 =0 ...ovvveveannnneen. i
Multiply egn (iv) by 2 to eliminate i

0.6Y +200i -704 =0 ..ovvvnieiiiie e %
Add equations (v) and (ii) together

0.85Y -880=0

0.85Y =880

=880/0.085

Y =1035.3
Substitute Y = 1035.3 into egn (iv) or (ii) to fimd

0.25Y - 200i - 176 =0

0.25(1035.3) —200i— 176 =0

258.83 - 200i — 176 =0

82.83 — 200i =0

200i = 82.83

i=0.4

Exercise

Find (a) the equilibrium income level and intereste at the levels of C
and | in equilibrium when

C =89+ 0.6Y;1=120 - 150i; Ms = 275 and Md Y.+ 240 — 250i

19



LECTURE FIVE

Differentiation

Introduction

The process of finding derivative is known as ddfdiation. A set of
rules of differentiation exist for finding the deatives of many common
functions. Although there are many functions forickhthe derivative
does not exist, our concern will be with functiavisich are differentiable.

Differentiation in calculus, denoted bgz is equivalent to the slope
X

of a curve in geometry.

%’ explains how an infinitesimal change in x bring®at a change
X

in y. An alternative to thedl notation is thef (x) (read f prime of x”).

dx

Rules of Differentiation

The rules presented in this section have been dgedlusing the limit
approach. For our purpose it will suffice to preagée rules without proof.
The rules of differentiation apply to functions whi have specific
structural characteristics/forms.

Rule 1: Constant function Rule.
The derivative of a constant function y = f(x) sskequal to zero for all
values of x.

i.e %’ = f'(x) given that x is a constant
X

20



As we pointed out earlier, the derivative of a duon has its
Geometric counterpart in the slope of the curves Gtaph of the constant
function is a horizontal straight line with a zestope. i.e. its rate of
change is zero.

This can be applied to fixed cost (FC) in Economics
Given thaty = FC = f(Q) = 2000

dy _ d(2000) _ 0

dQ dQ

GRAPH 6

The implication is that fixed cost, or any othenstant function, does not
change in response to changes in quantity.

Rule 2: Power function Rule
The derivative of a power function y = f(x) £ is equal to nX*

To carry out this operation, you use the powex ad multiply the
function and then subtract 1 (one) from the origipewer of x in the
given function to get the power of your derivative.

e.g Find the derivative of y =x

Y _ 5t =5y
dx
egy="f(x)=X
Y _get=gy
dx

Note that such function as above may also be giviéim a constant
known as the coefficient of x. for example, y =)f(x CX' and the
derivative becomes

oyt
dx
e.gy = f(x) = 4x

21



dy _ 1
i 4(1)%

4%
Since X =1

Thenﬂ =4
dx

Given thaty = 6% find the derivative of y with respect to x
dy _ 6(-2)x**
dx

=-12%¢

If y = -3x4, find %’

X
dy _ -3(2)%?
dx

= -6x
e.gy=2%"?

dy _ 2(1/2) 21
dx
— 12
e.g Given that y = 3ffind %’
X

Note that the above function can be rewritten a&, 3now
differentiating becomes a simple task

dy _ 3(-2)x**t
dx
= 6%

22



Rule 3: Sum or Difference Rule
This rule implies that the derivative of a functiformed by the sum
(difference) of two or more component functionghis sum (difference) of
the derivatives of the component functions.

dif(¥)+g(%] _ dil X, dg X

dx dx dx

Example 1 Consider the function y = f(x) = 5x4 — 8x3 + 3% + 50.
The derivative is found by differentiating eachnan the function. Thus,

%’ =5(4x* 1) - 8(3 1)+ 3(E 1) X+ (
X

=5(4x%) - 8(3¢ }+ 3(X ) ¥

dy_ 20x% — 242 + 6x— 1
X

Example 2 Find dy if
dx

f(x) =8x’—4xX +3x-10
g—i =8(3¢ 1) - 4(* 1)+ 3 C
8(3x2)- 4(2x)+ 3¢ )

Y =245 - gx+ 3
dx

Rule 4: Product Rule

The derivative of the product of two functions gual to the first function
times the derivative of the second function plus $bcond function times
the derivative of the first function.

d _ d d
&[f(x)-g(x)]— f(%&d X+ ¢ )(Fx t x
F()g'(N+ o R (R

It is conventional to have it written as
d_y = U E’+V ﬂ'l
dx dx dx

23



In which case the function to be differentiatedvigten as
f(x) = U(X) . V(X)

Example 1 find % if f(x)=(x*-5)(x-x°
X

Solution:

Ux)=x*-5

V(X) = x =X

Applying the formulad— =U ﬂ/+V du , we have
dx dx dx

(x> =5)(1- 3% )+ (x— ¥*)2x
X*=3x* =5+ 15¢+ 2¢- 2¢

Y- 155 +18¢- 5
dx

Example 2 find g—y if f(x) = (X* —2x°)(x* - 3x° +10)
X

Solution:
Ux=x-2x
V(X) =X -3X+10
du =3x*-10x*

dx

N ae - 6x

dx

d_y =U E’+Viu
dx dx dx

(X* = 25°)(45¢ - 6X)+ X' — 3%+ 10)(3%— 10%¢

Expand the brackets
4x° -6x* - 8X + 128+ - 108- '+ 308+ 30¢- 10X

24



Collect like terms
-8 -10x¢ + HC+ 128+ 3¢+ 308- &¢— K- 100¢+ 3X
=-18 + 49 - 115¢ + 30¢

Rule 5: Quotient Rule

If f(x) =M where U and V are differentiable awix) # 0, then
V(%)

_V(X¥.U'(X-UX.V(X

f'(x) VE
OR
du dv
V—-U—"
dy_ " dx — dx
dx &

Note: unlike in the product rule where we have e sof two
products, the quotient rule involves the differermmween them. The
implication of this is that while the arrangemened not matter in product
rule (addition is commutative), it matters in qeati rule.

i.e. for product rulepy ﬂl+vﬂj :Vﬂj+ U—d\

dx dx dx >

yau_ydvoydv, du

but for quotient rule, de dx d)\(/z dX the one on the right is

2

wrong

(3x*-5)

3

Example 1: Consider f(x)
1-x°)

applying quotient rule with
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U(x) =3x2—5,%= 6x
dx

v =1- ¢ L= _3¢
dx
{1 =39 = (= X)6x- (3% = B 3¢)
dx (1-x)?

6X— 6% + 9x — 15¢

(1-x%)?
3x* —15x% + 6x

1-x%)?

(_X3+1) H 1
Example 2 If f(x)= Jfind f'(x
p () (¥ =20) ()
Solution:
du_, dv
F1(x) = dy_ " dx  dx
dx V2
U =-—x+1.3U =3¢
dx

V(X) = x5—20,$/: 5%
dx

WheredY 0 =20)C3¢)- £X+1)(5¢)

dx (x> —20)

-3x" +60x* + x> — 1~ 5¢*
(x> —20)°

_ =3 -5+ X+ 60X -1

- (x° - 20)°
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Rule 6: Power of a Function
If f(x)=[U(X]" where U is a differentiable function and n is alre
number, then

f'(x) =n[U(R]"U'(R
Example 1 considerf(x)=\/ﬁ -5x-9, find f(x)

Solution:
Note that the function can be rewritten as

1/2

f(X)=(7X —5x-9)
We can apply rule 6, whetg(x) =7x' -5x- 9

f(x) = nuU(R]"U(R
- %(7%‘ —5x— 9)/21(28¢*~ 5)

= 1, (7x*5x- 9y (28¢ - 5)
_ %(28x3 — 5)(7x* — 5x— 92
F1(X) = (145 = 5,)(7% - 5x- 92

5
Example 2 Find the derivative oflsxzj
-X

This function has the form stated in rule 6, whdrs the rational function
3x

(1-x%)
[note that apart from applying rule 6, you musbagpply quotient rule to
find u'(x)1]
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f1(x) = U(R]"~U'( Y

3x ' (1-%)(3)- (3X)E 2x)
1- %3 (1- x°)?

3x ' 3-3C+ 6%

=5
1-x? (1- X*)?
_gf 3 ' 3+3¢
1-x2) (1-x%)?

Rule 7: Chain Rule

If we have a function y = f(u), where u is in tumnfunction of another
variable x, say U = g(x), then the derivative oligh respect to x is equal
to the derivative of y with respect to u, times therivative of u with
respect to X.

Expressed agz = dy .ﬂj
dx du dx

Example 1 Given thaty = f(u) = -2u+landu=g(x = ¥ -1

Then,glzﬂl.iu
dx du dx

dy =(2u-2)(2x)
dx

We then need to substitufe® —1) for u so thatj—y strictly becomes a
X

function of x.
dy_ [2(x* -1)- 2](2x)
dx

= (2x% - 2- 2)(2X)
= (2x* - 4)(2x)

dy_ 4x° - 8x
dx
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Example 2 Given y = f(u) = ¥ —5uwhereu=g(X = X +3x
Solution:

dy_ dy du

dx du dx

(3u2 - 5)(4x° + 3)
Substitutex* +3x for u

%’ =[3(x* +3x)2 - 5](4XC + 3)

X
[3(x% +6X° +9x%)- 5](4X+ 3)
(3x2 +18x° + 27— 5)(4C¢+ 3)

1237+ 9%+ 728+ 54¢C+ 108C+ 81— 26— 1
123"+ 813+ 162¢ - 20¢+ 8%- 15

Practice Exercise
Find the derivative of each of the following

la. y=63
b. y=x*
c. y=3x
2a. y=xX-4x
XG
b =—=-2X
y 3
c. y=4x

3a. y=(X-2X)(X+6X)
b. y=(2-x-3X)10+ x— 4X)

C. y:(x—;—loJ (C-2X%+1)
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4a.

y=(5x +1)*
y=+1-5%

y=(¢ —2x+5)3

In the following exercises, fin%z

X
y=f(u=uwandu=g(X = X+3x+1
y=f(uy=u+uU+landu=g(¥=xX-4

2

y=f(u)=+u and u=g(Xx :X7
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LECTURE SIX

Some Economic Applications of the Rules

Marginal Cost and Marginal Revenue

In general, the derivative of any total functioneag. its marginal function.
For example, marginal cost is the derivative chltobst. i.e.

MC(q) = dTC(9
dq
And MR(Q) :m
dq

e.g Given a short run total cost (TC) function

TC=Q -4Q +100Q+ 75
the marginal cost function is the derivative of @ function

MC(Q) :%QC =3Q°-80Q+10

We would observe that the constant, which reptesiae fixed cost,
does not affect the derivative because the devieaif a constant is zero.
This fact provides the mathematical explanation tlé well-known
economic principle that the fixed cost of a firmedmot affect its marginal
cost.

Finding Marginal Revenue Function from Average Revaue Function

Consider an average revenue (AR) function in tmefAR = 15 — Q, we
can find the marginal revenue function only after have obtained the
total revenue function.
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TR(Q= AR Q
TR(Q=(15-QC
TRQ=15Q- G

We can then take the derivative of TR (Q) withpexs to Q to get the
MR function.

MR(Q) =%=15— 2Q

The same procedure applies to deriving the madrgiost function
from the average cost function. First, obtain thatalFCost (TC) by
multiplying the Average Cost (AC) by Q i.e TC = ACQ, then take the
derivative of the TC to get MC.

MC = dLC
dQ

Observe the similarities and differences betwebe RAverage
Revenue function and the Marginal Revenue fundierived from it.

The two functions have the same vertical inter¢gp) but the slope
of the MR function is twice that of the AR functioihis is a general
result whenever we have a linear Average Revennetiin (i.e. Total
Revenue is a quadratic function)

GRAPH 7: Relationship between AR and MR in an imperfeetrkat
arrangement

For a firm in a perfectly competitive market agament, the Total
Revenue function is linear; hence, the Marginalédexe and the Average
Revenue functions coincide at a constant.

Example: Consider a perfectly competitive firm with a TioRevenue
function of the form TR(Q) = 32Q, find the AR andRM
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Solution:

AR—B

Q
AR=3R =37
Q

Mr=9TR=3;
dQ

Therefore, for a firm in the perfect market aramgnt, MR = AR = P
GRAPH 8

Relationship between Marginal cost and Average cos$tinctions

As an economic application of the quotient rulé ule consider the rate of
change of average cost when output varies.

Given a Total Cost function TC = C(Q), the averaget (AC)
function will be a quotient of two functions of Qnce
ac=1C€_CQ

Q

Therefore, the rate of change of AC with respedtcan be found by
differentiating AC.

aslongas Q>0

cQ
dac _¢ /zz[C(Q.Qcch]
dQ  dQ d

We can split the fraction and have

[C(Q.Q _[A Q.1

Q’ Q’
{C'(Q) _ @}
Q Q
Factorize;
_CQ
c'
e
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WhereC'(Q) = MC
And @ =AC

Q
It then follows that

dAC| “lc
E:O if CI(Q) :T

< <

What this means is that;

The slope of AC is positive (i.e AC curve is updaloping) when
MC > AC

The slope of AC is zero when MC = AC; and
The slope of AC is negative when MC < AC

GRAPH 9

Observe that up to point Q* AC is downward slopengd the MC lies
below it. At point Q*, the slope of AC = zero andOM= AC. At all points
after Q*, AC is upward sloping and MC lies above it

Example 1 Given the total cost functidfiC = Q° -8Q +15Q+ 30, write

out a variable cost (VC) function. Find the denivatof the VC function,
and give the economic meaning of that derivative.

Solution:
TC=VC+FC
VC=Q -8Q +15Q
dvC

d—Q:3Q _1w+ 1t

The economic meaning of the derivative above ésrtfarginal cost
(MC)
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Remember we said that the fixed cost (FC) doesaffett the MC.
Therefore, the derivatives of both TC and VC givE.M

Example 2

Given the average cost functidlC =2Q -4Q+ 214, find the MC

function. Is the given function more appropriateadeng-run or short-run
function? Why?

Solution:

TC=ACxQ

TC=(2Q -4Q+ 214)Q

TC=2Q-4Q + 214Q
dTC )

MC =——=6Q" -80Q+ 214
do Q -8Q

The function is more appropriate as a long-rurcfiam because the
total cost (TC) function does not have any fixednponent which is
characteristic of the long-run.

Note: In the long-run, all factors of production areiable as well as
the associated cost. Therefore, in the long-rxedficost = 0 and variable
cost is equal to the total cost.

Example 3
Given AR = 60 - 5Q,
a. find the total revenue function and the marginakraie function.

b. Comparing the AR and the MR functions, what can yay about
their relative slopes?
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Solution:
a.
TR= ARx Q
TR=(60-5Q)Q
TR=60Q-5Q
dTR
MR = d_Q =60-10Q

b. The slope of the MR function (10) is twice thl®pe of the AR
function.
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LECTURE SEVEN

Optimization: Maxima and Minima

An introduction to higher order derivatives:
So far we have dealt with first-order derivative®w we turn to
higher-order derivatives.

Given a function f(x), there are other derivativebich can be
defined. This section discusses these higher aelévatives.

The second derivative

The derivative f '(x) of the function f(x) is often referred to as thiestf
derivative of the function. The adjective firstused to distinguish this
derivative from other derivatives associated whih tunction.

2
The second derivativé "(x) or dy of a function is the derivative of

dx’
the first derivative. This is done by applying tisame rules of
differentiation as were used in finding the firstigative.

Here are some examples. Table 1

Function f(x) | First derivative f'(X) | Second derivative f "(x)
1] 46 5x* 20x°
2| x*-2x*+5x | 3x* - 4x+5 6x-4
3| 32 3 2 3 x Y2
2 4
41 (2x-10y 6(2x - 10Y 48x - 24C
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Let us solve the@example in Table 1 for clarity.
y = (2x—10) remember this is a power function.

f () =[u(x]"
£ =n[u(3]"" . u(y
f '(x) = 3(2x- 10§ .2
f '(x) = 6(2x— 10}
To find f "(x), differentiate the result irf '(x)
f"(x)=6(2) 2x- 14 .
f "(x) =12(2x~- 10).2
f "(x) = 24(2x- 10)
f "(x) = 48x~ 240

Exercise Find the first four derivatives of the functio?i(— where
X

Xz -1

Optimization
This involves maximizing or minimizing a functioregending on the
economic purpose it serves.

i. First-order condition for optimization (Necessary condition)

For any function to reach its optimum point, thestfiderivative must be
equal to zero i.e.
2

X2

However, with the first order condition, we do kobw the nature of
the optimum point (either maximum or minimum). Thecond order
condition helps to do this.

_dy_

f(x)=—2 Yoot (x)——X—O[maxor mir|
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il.  Second order condition for optimization (Sufficient condition)

The nature of the optimum point is determined bking the second
derivative, if the second derivative is negative, lvave a maximum point.
2

i.e f"(x)=M<O (maximum)

dx?

However if the second derivative is positive, the:e have a
minimum point. Thus
2
f"(x):M>O (minimum)

dx’
Example 1 Find the relative extremum of the function
y = f(X) =4x - x and determine its nature.

Solution:

g—y =0 (first order condition/necessary condition)
X

ﬂ=8x—1= 0
dx

8x=1

<%

For the nature of the point, we differentiate again

dy_
dx’

minimum point.

8 since the second derivative (8) is positive, wactade that it is a

Example 2 Find the relative extrema of the function
y=9(X = ¥ —-3X+2 and determine the nature of those points.

Solution:
Y- g9=0
dx
b 3¢ —6x=0
dx
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solving the quadratic equation, we have

3x(x=2)=0
3X=0o0orx-2=0
x=0or x=2

The extrema occur at x =0 and x = 2.
For their nature, we take the second derivative

d’y
—=—=6X-6
dx?

when x=0
=6(0)-6
d’y
_:—6
dx?

- 6 <0 (maximum)

when x = 2,
=6(2)-6
=12-6
d’y
—2=6>0
dx®

Application to Revenue, Cost and Profit
Revenue maximization:

The money which flows into an organization eithanf selling products
or providing services is referred to as revenue Most fundamental way
of computing total revenue from selling a prodwetgervice) is

TR =Price per unit x Quantity sold.

Example:

The demand for the product of a firm varies witk firice that the firm
charges for the product. The firm estimates thauahtotal revenue is a
function of price.

R= f(p) =-50p +500p
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a. Determine the price which should be charged in o@enaximize
total revenue

b. What is the maximum value of annual total revenue?

Solution:
a.
drR = f'(p)=-100p+ 50C
dp
ifwesetf(P)=0
-100p + 500= (
-100p =-500
p=5
the sufficient condition should be tested, thus
z:;= f"(p)=-100< Q

b. the maximum value of R is found by substitutifig= 5 into the
function [f(p)]

f (5)=-50(8 )+ 500(5
= -50(25)+ 2500

= ~1250+ 2500

R =1250

where R, means maximum revenue.

Cost minimization: Producers attempt to be efficient by minimizirggtc
Example 1 A retailer of motorized bicycles has examinedtatsta and
has determined a cost function which expressesatieual cost of
purchasing, owning, and maintaining inventory asirection of the size
(number of units) of each order it places for tleydles. The cost function
is

C = f(q = 2860

+15¢+ 75000(
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a. Determine the order size which minimizes annua¢muory cost
b. What is the minimum annual inventory cost expettede?

Solution:

We may rewrite the function as
f(q) =48609" + 15+ 75000
dc_ f'(q) =-4860q7° + 15
dqg

if we equatef '(q) =0, we have
-486007% + 15= (

-4860y7° =-15
-4860 _
; =
multiply both sided byg?
-4860= - 1%)°

divide both sides by -15
324=¢°

take the square root of both sides

\324=+9%

q==18

the value g = - 18 is meaningless in this applacafit is not possible to
have a negative quantity of goods). We can cheel#ture of the critical
(extremum) point at q = 18.

d2C ]
= f"(q) = 9720

e (@) (o

_ 9720

3

q
substitute q = 18

-15
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9720 )
———=1.667> 0(min)
183 ( J

b. to get the minimum inventory cost, we substitd8 for q in the
original cost function.

4860
fus)==¢

+15(18) 75000

=270+ 270+ 750000
=750540

Example 2 The total cost of producing g units of a certpnoduct is
described by the functio@ =100000+ 150Q+ 0.8
a. Determine the number of units of q that should bedpced in
order to minimize average cost per unit.
b. Show that MC = AC at the minimum point of AC.

Solution:

a. we are asked to minimize average cost, not totst. &o we need
to find the AC function from the TC function given.
AC :E
Q

100000, 1500+ 0.9

AC=

AC =1000005™ + 1508 0.3

9AC _ 1000002+ 0.2
do
dAC _
da
~100000, 5= g
q
~100000__,
q
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Multiply both sides byg?

-100000=- 0.2
Divide both sides by — 0.2
2 = M: 50000(C
g =+/500000 take the square root of both sides
q=%707.11

Negative quantity is not attainable, so we take®#.11 as the number of
units required to minimize AC.

The nature of this critical point can be testedsth

2

d—AZC =20000@°
dqg

_ 200000

= 7

_ 200000
(707.11§

=0.00056> O(min

mc = 4TC 21500+ 0.4
dq

100000

AC= +1500+ 0.3y

Substitute the value of g at which AC is minimum. i707.11 into both
MC and AC functions and solve

MC =1500+ 0.4(707.11F 1782.84

100000, 1 5001 0.2(707.15 1782
707.11

It is shown that MC = AC = 1782.84 at the point vehAC is minimum.

AC=
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GRAPH 10

Practice Exercise

1. A firm has determined that total revenue is acfion of the price
charged for its product. Specifically, the totalveeue function is

R= f(p=-10p +1750p
a. Determine the price which results in the maximutalteevenue
b. What is the maximum value of total revenue?

2. A community which is located in a resort areérying to decide on
the parking fee to charge at the town-owned bedttere are other
beaches in the area, and there is competition &heps among the
different beaches. The town has determined thewviatlg function which
expresses the average number of cars per day ‘@ fasction of the
parking fee ‘p’

Q =600-12P

a. Determine the fee which should be charged to madndaily

beach revenue.
b. What is the maximum beach revenue expected to be?

c. How many cars are expected on an average day?

The example below will be helpful in solving questi2.
The demand function for a firm’s product is g = @60 — 75p

a. Determine the fee which should be charged to madndaily
beach revenue.

b. What is the maximum beach revenue expected to be?
c.. How many cars are expected on an average day?

Solution:

a.
TR=Px Q
TR=(150000- 7% )p
TR=150000- 757
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To maximize,de: 0
dp

ATR _150000- 15 =
dp
150000= 15(
_ 150000

150
p=1000

b. the maximum value of TR is obtained by sub#stig 1000 for p in
the TR function.

TR=PxQ
TR=150000(1000} 75(1008
TR=150000006- 75000000
TR= 75000000

c. Substitute 1000 for p in the demand function.
g =150000- 75(100C
g =150000- 75000
q=75000

46



LECTURE EIGHT

Profit Maximization/Loss Minimization

Let us employ the general form of total revenue R €)) and total cost C
= C(Q). we know that profit is equal to revenue usirtost

ie.
[1=R-C
[1Q@=RQ-qQqQ
To maximize profit, we need to satisfy the necessarndition for a
maximum
dm _
E =
T -R(Q-C(Q
dQ
R(Q-C(Q=0
R(Q=C(Q
Where R'(Q) = Marginal Revenue (derivative of Total Revenue),
and C'(Q) = Marginal Cost (derivative of Total Cost)
therefore, for profit to be maximized,
MR =MC
However, the first order condition may lead to imimum rather than
a maximum; thus, we must check the second ordetiom;

%77 _ = wimy — oy
sz—ﬂ(Q)—R(Q) c(Q

0
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For this to be less than zero (<0),

R*(Q < C"(Q

This implies that the slope of MR must be less tihenslope of MC as the
sufficient condition for profit maximization.

Example 1 A manufacturer has developed a new design foarsol
collection panels. Marketing studies have indicdbed annual demand for
the panels depend on the price charged. The derueation for the
panels has been estimated as q = 100000-200pt#iedst of producing

‘q’ panels is estimated by the functiGr=150000+ 10Q+ 0.00§.
a. Write out the profit function for the manufacturer

b. Determine the units of output that should be preduo maximize
profit

c. Determine the price that should be charged per unit
d. What is the maximum annual profit?

Solution:
a. [1@=TRQA-TQ9
TR= px g

Because we want our total revenue to be expressiedms of q, we make
p the subject of the formula in the demand function

200p = 100006 q
p =500 0.00%

TR=_px g= (500~ 0.005q)q

TR=500q- 0.005¢

[1=5000- 0.008 - (150008 1Gf+ 0.063
[]=5000~ 0.008 ~ 150000 1ap- 0.003
[]=-0.008f* + 400~ 150000

Divide both sides by 200
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drr_ -0.0163+ 400= (
dqg
0.016y= 400
_ 400
©0.016
g =25,000
C. substitute 25,000 for g in the p function.
p =500- 0.00%
p =500- 0.005(2500C
p =500-125
p=375
e. The maximum profit (substitute for q in the jréinction)
|_| =-0.008y° + 40@- 150000
=-0.008(25000)+ 400(25008) 1500
|_| =4,850,000

Exercise:

1. A firm has the following total cost and demand fiioies
%cf ~7Q?+111Q+ 5C
Q=100-p
a. Write out the total revenue function in terms of Q
b. Formulate the total profit function in terms of Q

c. Find the profit maximizing level of output
d. What is the maximum profit?

2. A company estimates that demand for its profluctuates with the
price it charges. The demand function is q = 2800@00p. The total
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cost of producing g units of the product is estedaby the function
C =350000+ 30@+ 0.001%

a. Determine how many units of q should be producedrufer to
maximize profit

b. What price should be charged?
c. What is the maximum profit expected?

Effects of Taxes and Subsidies on the Profit maxirming behaviour
There are basically two forms of taxes that camigosed on a firm.
1. Lump-sum tax
2. Quantity/per unit tax
Taxes generally reduce the total revenue accrairtiget firm.

Effects of Lump-sum tax

Suppose a lump-sum tax of 100,000 is imposed om#raufacturer in the
example above:

a. how will it affect his profit maximizing behavioui.e. quantity
and price)
b. what will his maximum profit be?

Solution:
Before tax,TR=500q— 0.005f

After tax, TR=5000- 0.005f - 100,00

The total cost function remains unchanged
|_| =TR-TC
|_| =5009 - 0.00% — 100008 (150060 186 0.af3
|_| =5009 - 0.00% — 1000080 150060 166 0.0f3
|'| =400q - 0.008f - 250000

97 _ . 400- 0.016= 0
dq
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0.016y= 40(
q=25,00C
p =500- 0.00%
p =500- 0.005(2500(
p=500- 125
p=375

The lump-sum tax does not affect the profit mazimg level of
output and the price charged.

b.  []=400q~ 0.008 - 25000

= 400(25000) 0.008(25000% 2500
=10,000,006- 5,000,000 250,000
= 4,750,000

Effects of Quantity/Unit tax

Suppose a per unit tax of 10 is imposed on theymedabove,
a. Examine the effect on profit maximizing level oftput
b. What price will be charged?
c. What is the new profit?

Solution:
Before tax,TR=500q— 0.005f
After tax,  TR=500qg- 0.005f - 1G&
TR=490qg- 0.005f
Total cost is not affected
|_| =4900- 0.00% - (1500086 1Gf+ 0.003
=490g- 0.00% - 150008 1Qap- 0.0Q%
|_| =390g - 0.008 — 15000
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drr_ 0;390- 0.01§ = (
dg
0.0167 = 39(
q=24,375
p =500- 0.005
p =500- 0.005(24,37¢
p =500-121.875
p=378.125
Substituting q = 24,375 in the equation
|_| =390g - 0.008f° — 15000

=390(24375) 0.008(24375)% 1500
= 4,603,125

The quantity tax reduces the profit maximizing elewof output,
increases the price and reduces the maximum profit.

“The effect of subsidies is the direct opposite dhe observation above.
This is because subsidy is a hegative tax.”

Differentiation and point elasticity
Consider a demand function Q = f(P), Elasticitgefined as
AQ . Ap _%AQ
Q p wAp
For infinitesimal change,
AQ=dQAp= dr
n=dQ. dp
Q p
=99, P
dp Q

Example: Find the price elasticity of demand forQ00 — 2P when P =
10.
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Solution:
1=9Q, P

= X—
dp Q
@ = —2, p= 10
dp
Q=100- 2(10)= 8(
0= —2><E
80
0=-0.25
For the interpretation, we only take the absolutealue
|0 =0.25< 1{nelastic)

Elastic >
UnitElastic|whend| = |1
Inelastic <
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LECTURE NINE

Multivariate Differential Calculus

Introduction

When a function has more than one variable, theeet@o types of
differentiation that can be considered — partiad aotal. The total
derivative allows all variables to change simultarsly while partial
derivative allows only one variable to change, hajdthers constant.

Partial derivative assumes that the variables haf function are
independent of one another and so other variabke$r@ated as constant
when considering a particular variable= f(u, v); the partial derivatives

dy ij
are given b =|im E.q.
gven by =im 27 €9
y=3u*-3v
oy _ - 6u: 6y
ou "oV

Observe the difference in notation compared withatmwve had in
single variable functions.

Single variable function Multi-variate function
y=f(u) y=f(uv...)

dy or f'(u) %Y or f,; 9y or f,
du ou ov

d’y 0%y 9%y
—-or f'(u — or f,; — orf,
du’ W ou’ ooV
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Example 1
Find all the partial derivatives of the functigr (u+2v+ W )?.

Solution:

To find g—y = f, treat2v+w as a constant
u

y=(u+o°

oy

—=2(u+c

3y (u+c)

oy _

2L =2(u+v+w)
ou

For ? , treatu + W as a constant
\

y =(2v+ 07

Y. 2(v+c).2
ov

ﬂ=4(2v+u+ W)
ov

Lastly, for g—y , treat u +2v as a constant
W

y=(c+Ww)
. 2(c+w').2w
ow
=4w(u+ 2v+ W)
Example 2
Find f, and f, if f(x,y)=-10xy’

Solution: To find f,, y must be assumed to be constant. This func@on c
then be mentally rearranged &$x, y) = (-10y*)x

Where -10y’° is the constant coefficient of x.
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Therefore, f, = -10y°

Forf,, the function can be assumed as having the form
f(xy)=(-10x)y

Where —10x is the constant coefficient gf

Therefore, f, = 3(-10x )y’

f, =-30xy’

Second-order partial derivatives
1. Pure second-order partial derivative; and
2. Cross/mixed partial derivative

Example 1 Given that a firm’s costs are related to outgutwm goods X
and y in the formTC = X —0.5Xy+ 2 ¥ ...cieriiiiiniii e, (i)
It is possible to find the first-order partial detives f, and f, which

translate to the additional cost of a slight inceemin x and y
respectively.

f = 2X=0.5Y i i (i)

X

It is possible to find three different second-orgartial derivatives. i.e.

f

“} pure second-order partial derivatives

fW

fy = f, Cross partial derivative

Note: The cross partialf,, is always equal t,. This proposition is

known as thé&’oung’s theorem

To obtainf,,, differentiate equation (ii) with respect to x
f,=2

For f,, , differentiate equation (iii) with respect to y
f,=4
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Lastly, for f,, differentiate equation (ii) with respect to y

f, =—0.5 the same result is obtained if we differentiateatmpn (iii)
with respect to x

Optimization of Multi-variate functions in Economics

Many producers or sellers deal in more than ondusrbitem and in order
to maximize profit, or minimize cost, they need @ptimal mix- of the
products in which they deal. Optimization of mudtilate functions helps
to achieve this.

Conditions for optimality:

Condition Maxima Minima
1% order f,=0,f,=0 f,=0,f,=0
2" order f,<0,f, <0 fo>0,f,>0
d
3 order (f)(f) > ()’ (f)(f) > ()

Example 1 A firm producing two goods x and y has the prddinction
|_| =64x— 2X° + 4xy— 4y + 32y~ 1< To find the profit maximizing level
of output for each of the two goods, and test tosbee that profits are
maximized,
1. Take the first-order partial derivatives, da¢rh equal to zero and
solve for x and y simultaneously.
|_| =64=4x+4y=0

|_| ,=4x-8y+32=0C

“AX+AY==04. 0]
AX=8Y = =32 i (i)
Add equations (i) and (ii)
-4y =-96
-96
y= 2 =24
To get x,
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4x—8(24)=— 32

4x—-192=-32
4x=-32+192
4x =160
x=40

2. Take the second order direct partial derivatimed make sure both
are negative, as required for a relative maximum.

|_| xx: _4< O
[1,="8<0
3. Take the cross partials to make sure [ﬁla;x |_| yy>(|_| W)
(-4)(=8)> (47
32>16

We have now confirmed that profit is indeed maxgxiz
We can also find the profit at that point.

|_| =64x— 2X + 4xy— 4y
= 64(40)- 2(403 + 4(40)(24) 4(28% 32(24) |
=2560- 3200 3846 2304 768 14
|_| =1650

Example 2 In-monopolistic competition, producers must detiee the
price that will maximize their profit. Assume thatproducer offers two
different brands of a product, for which the deméantttions are

Q =14-0.2%
Q,=24- 0.5
And the joint cost function i¥C=Q*+5QQ+ Q°

Find the profit maximizing level of output, theige that should be
charged for each brand, and the maximum profit.

Solution: First establish the profit function in terms @fand Q,
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Sinceﬂ =TR- TC, we need to find the firm's TR
TR=RQ+ BQ
Make B and P, the subject in the demand functions.
R=56-4Q
P, =48-2Q,
TR=(56-4Q)Q+ (48- 2Q )Q
TR=56Q - 4Q + 48Q - 2Q¢
[1756Q - 4Q° + 48, - - Q- 5QQ- ¢
[]=56Q - 507 + 48, - R~ QQ
We can now maximize the profit function
or

30, -6 IR R,

O - s8-8, - %

an

10Q,+5Q,—56= Coovvvvvvniiieenen, 0)

5Q,+6Q,—48=C...oivineieiiee (i)
Multiply equation ii by 2 to eliminat&)

10Q, +12Q,—96= Cvvvvvvnviee, (iii)
Subtract equation (i) from (iii)

7Q,-40=0

7Q, =40

Q, =57

SubstituteQ, = 5.7 into equation (i) or (ii)
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10Q, +5Q,- 56= 0
10Q, + 5(5.7)- 56= (
10Q, + 28.5- 56= 0
10Q, = 27.5
Q=275
Take the second derivatives to be sure profit isimiaed

[10a="10<0; []0e="10<0; []qe="5

Therefore,ﬂ 0Q |_| 0,0 (|_| 00)’
To find the profit maximizing prices
P =56-4Q
=56-4(5.7)
45
Pz =48- 2Q2
48— 2(5.7)
P, =36.6
Lastly, the maximum profit
[1=56Q - 5Q° + 480~ 3’ - QQ
=56(2.75- 5(2.75)+ 48(5.” 3(5.7F% 5(2.75)(5
|_| =213.94
Exercise
1. Given the profit functionl’l =160x— 3¢ — 2xy— 2y + 120y~ 1
for a firm producing two goods x and vy,
a. Find the levels of output x and y at which pragitnaximized
b. Test the second order conditions
c. What is the maximum profit?

2. A monopolist sells two products x and y for whidte tdemand
functions are

Xx=25-0.58,
y=30-P,

~U
I
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And the combined cost functionGs= X* + 2xy+ Y + 20. Find,
a. The profit maximizing levels of output
b. The profit maximizing prices
c. The maximum profit.
3. Find:
a. profit maximizing levels of output
b. Prices and
c. maximum profit whenQ, =520-F,

Q, =820~ 2%,
And C=0.1Q+0.1QQ + 0.X°+ 32!
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LECTURE TEN

Constrained Optimization: The Lagrange
Multiplier Method

Solutions to economic problems usually have to bend under
constraints (e.g. maximizing utility subject to Ilgetl constraint or
minimizing cost subject to minimal requirement aftut). The use of
Lagrangian function helps to solve this.

The constraints represent restrictions that clnence the degree to
which an objective function is optimized. Consttaimay reflect such
restrictions as limited resources (e.g. labour,emias or capital), limited
demand for products, sales goals etc. problemsngaviis structure are
considered to be constrained optimization problems.

Generally, we can optimizg = f(x x,) subjecttog(xx,)= K
Where f (x,X,) is the objective function, and

g(x %) is the constraint.

To solve, we set up a composite function known les ltagrangian
function. Thus

L(xxA) = FO00) -A[ d %~ K
The variabled (lambda) is known as the lagrangian multiplier.

Notice in the lagrangian function thdtcan equal any value and the
term A[g(x %) - K| will equal zero, provided thafxx,) are values
which satisfy the constraint.

Then we take the partial derivatives oL(x x,4) with respect to
X, %,and A and set them equal to 0. i.e.
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L,=0; L, =0;andL, =0

We then solve the equations simultaneously.

Examplel Maximize f (x x,) = 25— x> — x> subject to2x, + x, = 4

Solution: The lagrangian function yields the following tsdormation
L(%%A) =25= X7 = %° = A (2% + %~ 4)

Taking the partial derivatives, we have

L, =—2x-21
L, =-2% -4
L,=-2x,—-x,+4

Critical values are found by setting the three iphderivatives equal to
zero.

Subtract equation (iv) from (i).
-2X +4x,=0
2%, = 4x,
X = 2%,
Substitutex, = 2x, into equation (iii)
—2(2x,)-x,+4=0
—4x, - %, +4=0
-5%, =4
X, =0.8
Since x, = 2x,,
X, =2(0.8)
X =1.6
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To find A, substitute into either equation (i) or (ii)

-2X%,-A=0
A =-2x,
A=-2(0.8)
A=-1.6

The maximum value of the objective function camdds found.
f(%%) =25- % - %’

=25-1.6-0.8
=25-2.56- 0.6¢
=218

What does/ (the lagrangian multiplier) mean?

A shows the extent (and direction) to which the dibjedunction changes
when the constant part of the constraint changed lwnit. From the
example above, if the constant in the constraioteiases by 1 (changes
from 4 to 5), the objective function will reduce b6 (i.e. 21.8 — 1.6 =
20.2)

Example 2

a. What combination of goods x and y should a firmdowe to
minimize  cost- when the joint cost function is

C=6x"+10y" - xy+ 3C and the firm has a production quota
of x+ y=34.

b. Estimate the effect on cost if the production qusteeduced by 1
unit.

Solution:

L =6x*+10y* — xy+ 30-A (x+ y- 34
L, =12x-y-A4
L, =20y -x-A4
L, =—x-y+34
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Equate to zero and solve simultaneously

Subtract equation (i) from (ii).
-13x+ 21ly=C
13x = 21y

x—z—ly
13

Substitutex :f—; y into equation (iii)

-X—-y+34=0
21
LA Al
2y-1y_ 4,
13
—-34y = —442
y=13
21 21
X= 3 Yy, X= E(lB)
x=21
Solve forA in-equation (i)
12x-y-A=0
12(21)-13-1= (
252-13= 4
A =239
The minimum value of cost
C=6xX+10y* - xy+ 30
C=6(21F +10(13§ - 21(13} 3
C =4093
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b. withA =239, a unit decrease in the constant of the consti@at
production quota) will lead to a cost reductiorapproximately 239.

Example 3 A monopolistic firm has the following demand faioas for
each of its products x and y;

X=72-0.%,
y=120-F,
The combined cost function i€ = x* + xy+ Y +35and maximum
joint production is 40, thus x + y = 40. Find th@fit maximizing level of:
a. output

b. prices and
c. the maximum profit.

Solution:
P, =144- 2
P, =120~y
TR =(144- 2x)x; TR, =(120- y)y
TR=TR+ TR=(144- 2} % (120- )
|'| =144x— 2¢ + 120y— ¥ = (¥ + xy+ Y+ 35
[]=144x- 2+ 120y— Y- X - xy- y- 35
|_| =144x - 3¢ — Xy- 2y + 120y~ 35
With the constraint,
L=144x— 3¢ — xy—- 2y + 120y~ 351 (& y- 4C
L, =144- &x-
L, =-x-4y+120-1
L, =-x-y+40
Equate to zero and solve simultaneously
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Subtract equation i from ii
SX=3Yy=24= 0.cevviniiiiii e (iv)
Multiply equation (iii) by 3
~3x—3y+120= (
Subtract equation (iv) from (v)
-8x+144=C
8x =144
x=18
Substitute x = 18 into equation (iii)
-X—-y+40=0
-18-y+40=C
-y+22=0
y=22
Substitute x = 18 and y = 22 into equation (i)
144- 6(18) 221 = (
144-108- 224= 0
14-A=0
A=14
b. B =144- 2
=144- 2(18
=108
P, =120-y
=120- 2z
=98
C. |_| =144x— 3¢ — xy— 2y + 120y~ 3!
|_| =144(18)- 3(18)- 18(22) 2(22} 120(22)
|_| =2861
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Exercise

la.

2a.

Minimize costs for a firm with the cost functio
C =5x + 2xy+ 3y + 80C subject to the production quosa+ y = 39.

Estimate additional costs if the productiontgue increased to 40
Maximize utilityU =QQ, + Q +2Q, subject to2Q, +5Q, = 51.

What happens to the consumer’s utility if higlget changes from 51
to 56
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LECTURE ELEVEN

Constrained Optimization of Cobb-Douglas
Functions

Economic analysis frequently employs the Cobb-Dasigpbroduction
function g = AK? I’ ( A>0;0< a,[ < 1), where ¢ is the quantity of output
in physical units, K is quantity of capital and 4 the quantity of labour.
Here o measures the percentage change in q for a 1 pericange in K
while L is held constantf does the exact opposite. A is an efficiency

parameter reflecting the level of technology.

A strict Cobb-Douglas function, in which+ S =1, exhibits constant
returns to scale. For a Cobb-Douglas function, lriclva + S #1, there is
increasing returns to scaledf+ £ >1; and decreasing returns to scale if
a+[<1.

Example 1 Given a budget constraint ef1IN8 whenR, =3 andP, =4,

the generalized Cobb-Douglas production functian= KL% is
optimized as follows

Solution:
The constrainBK + 4L = 108
Set up the Lagrangian function

q=K*L*®- (3K +4L-108)
Take the first-order partial derivatives
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99 _ .4 05.05- 3
9K

99 _ 0.5k 4795 4
oL

a—j:—SK—4L+108

Equate the derivatives to zero and solve simultasigo
0.4K L% = 0., [
05K L% =00t il
BK+4AL=108....cciiiiiiiiiiie e iii

Divide equation (i) by (ii) to eliminaté

04K g 3

0.5K%L ™ 4
3

0.8K 06-04 05 €05 2
4

0.8K™'L'=0.75
0.8
L

—=0.9375
K

L=0.937K
SubstituteL = 0.937XK into equation iii
3K +4(0.9375K) = 108
3K + 3.75K = 108
6.75K =108
K=16
Substitute K = 16 into L = 0.9375K
L =0.9375(16
L=15
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Example 2 Optimize q = K**L*° subject to6K + 2L = 384

Solution:
q=K*L**- (6K + 2L - 384)

99 03K OO BA = O 0)
oK
9 05K =20 = 0.0, (ii)
oL
%:—BK—2L+384= C
0/
BK+2L =384, (iii)
Divide equation (i) by (ii)
0.3K™L** _ ok
05K 2
0.6K™''=3
KLt = i
0.6
L_g
K
L =5K

Substitute L = 5K into equation (iii)
6K +2(5K )= 384
6K +10K = 384
16K = 384
K=24

L=5K

L =5(24)

L =120
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Exercise: Maximize the following utility functions subjecb tthe given
budget constraints.

a. U =X%Y%® giventhatP, =8; P, =5 and B=680
b. U =X"%Y°**given thatP, =5; P,=3and B=75
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LECTURE TWELVE

Integral Calculus

Introduction

Integration, also known as anti-derivative, is teeerse of differentiation.
The function to be integrated is known as the irged while the result is
referred to as the integral. There are two majdegmies of integral
calculus, these are; indefinite and definite indkgr

Rules of Integral Calculus
1. Constant function Rule: The integral of any constant K is given by

J'de: Kx+ C where C is a constant
Example 1; jzdx: 2x+ C

Example 2: .|'35dx: 35x+ C

Example 3: Ildx=x+ C

2. ThePower Rule: If y is a function of x, and x is a power functias
iny=f(x)= X, then

n+l

X

f(x)dx=| X dx= + C
[ FO9dx=| —
Example 1: f(x)=x'
X4+1 x5
jf(x)dx=j Xde—+ =2+ C
4+1 5

Example 2: Find the integral of (x) :%.
X
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Solution: The function can be rewritten dx) = x™*

—4+1

4 X X3
jf(x)dx=jx b=+ C=—5+ C

T gx=1n f(9+C
f(%)

3. Logarithmic Rule: _[
1

Example 1: _[—dx:In x+ C
X

Example 2: _|'§dx:3_|'1 =lnx+C
X X

3
x?+3

Example 3; j dxIn (x2+3) C

i 6X _ 2X R
Example 4: .[X2+12dx—3j' X2+12dx—3|n x+ C

4. Composite function Rule:If y=[ f(x)]" o(%
where g(x) is related td '(x) before or after factorization,
Jyacsl 104" oy=L "B 800,
Example 1; _[(x3 +3x% +1)* (5 + 2x) dx
f(X)=x+3X+1Lg(X= X+2>
f'(X) =3x° + 6x= 3(X + 2X)

(C+3X+D)* (X°+ 2x)
3+1 3¢+ 2)

Since

I(x3 +3x°+ 1)} (X + 2X) dx=

(C+3x+1)* 1
4 '3

1—12(x3 +3x° +1)*
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Example 2: .[(xz +6X)? (x+ 3)dx
Solution:
f(x)=(x*+6x); g(¥=(x3)
f'(X) =2x+6=2(x+ 3)
[¢+6x] (x+3)
3 2(x+3)

J'(xz +6X)?(x+ 3)dx=

=%[x2 +6x] +C

The type of relationship that must exist betwdentivo functions in
this case must be that the derivative of the higimynomial function is
perfectly divisible by the lower polynomial funatiolt may in some cases
involve differentiating the higher polynomial firgd know if it gives the
multiple of what we refer to as the lower polynomia

Integral of a sum and multiple

For an integral which has the function as a sursepfarate parts in the
explanatory variable, the whole integration is sabke into individual
units.

It f(x)=9(x+HY,
thenjf(x)dx:j[g(>9+r(>)] dx:j gxdxj (h)x dx

Example 1. f(x) =3x’+4x+ 5, Find I f (x)dx
jf(x)dx:j[3>8+4x+ 5] d
:I3X3dX+I4XdX+I 5dx C

4
:3%+2x2+5x+c
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Example 2: If f(x)=2x*+5x+ x+5, Findj f (x)dx

Solution
j f(x)dx:j(2>8+5x2+ X+ 5)

:I2x3dx+f5x2 dx+.|' xd)&IS d:

=120+ tersc
2 3 2

The integral of a multiple may either be solvedusyng integration
by substitution method or solving through the usentegration by part —
this is particularly useful if none of the functers the derivative of the
other.

Integration by Substitution

Example 1: Solve.|'12x2 (¢ + 2)dx

Solution:

Assumau = X + 2, such that we havf*le2 +udx

Take the derivative of u.

% =3x’ ; makedx the subject of the formula

X

dx= d—li; then
3X

[12¢ +udx= [12% u%
3x

2
I4udu:4%+ C=2¢+C

Then, substitutel = X% + 2 back into the answer
f(x)=2(x*+2)*> +C
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Example 2: '[4x3 (2x* +10)dx

Let u=2x"+10
du _ _ gy
dx
Make dx the subject of the formula
du
8x
j4x3 (2x* +10)dx= j 4% (u)ds

Substitutedx = d—li
8x

dx=

du

I4xu8x

1u.du
2

f3fuou- 1
2 2
_u_+C
4
Substituteu = 2x* + 10 back into the answer

%(2X4 +10Y+C

Example 3: _[9x2 (x®+ 2)%dx
Letu=x+2; and%:e»x2
dx

Make dx the subject of the formulajx = %
X

j9x2(x3+2)8dx:j9>€.LFd>
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I9x2 ut— du

:ISUBdu

3u9

——+C——1u +C
9 3

Substitutingu = x* + 2

%(x3+2)9+C

In all the above examples, it can be seen thatgmtion by
substitution can be approached through the udeedillowing steps.

If y= (003
[ydx=[[ (3 d N &>

Assuming that the polynomial g(x) is of a highemgtee relating to
f(x), then the steps to be taken are:

a.

let the function with the higher order be expresssdanother
function sayu = g(X)

take the derivative of u with respect to x.

Q.$D.
=< Pc

solve algebraically fox
substitute u for g(x) and substitute the value a{ for it.

_[ydx j S vy g (x) such thatf(x) and g'(x)can divide each

other.
Integrate with respect to u

Substitute g(x) in place of u in the final answairch that the final
answer reflects a function of x as the solution.
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Integration by Part

Integration by part is derived through the corresjiog integral rule for

product rule. That is, this is derived as the coseef the product rule in
differentiation.

d PRV
&[U(X)-V( ¥]= U ol X ™
Integrating both sides with respectda we have
[ TumR] doe [ 3 [ g xS
dx' 7 dx dx
NP
MR = [ Uy + [ OF
Thus, the formula for the integration by part is
dv _ B du
Jukd = w3 =[x
OR
du _ 3 dv
Vo = U= Uy
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LECTURE THIRTEEN

Economic Application of Integration

The wusefulness of integral calculus in economicsnnot be
overemphasized. Some of its applications are pteden this section.

Recall that the derivative of a total function &gvits marginal
function. For example, the derivative of the tamlenue function yields

the marginal revenue functioMR:dde. You can reverse the operation
q

by taking the integral of the marginal functiondiotain the total function.

For example,J'Mqu:J'de. dg+ K
dq
Example 1: For a marginal cost functioddC(q) =2g+1. Find the total

cost function at g = 10, assuming that the fixest coequal to 10.

Solution:
TC(q):jMqu:jz q+1:§ G+ o ¢
TC = q°+q+C

Whenq=0,TC=FC
(0> +0+C =10
c=10
Therefore, the total cost functionT&(0) = f + g+10
Specifically, total cost when g = 10 is obtaineda®ws.
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TC=10°+10+ 10
=100+ 10+ 10= 12I

Example 2: If MP, :SL% is a firm’s marginal product, given that labour is
the only factor of production, find the firm’s pnaction function.

Solution;
Q=[MRdq

3
=|5%dI==5%+C
Q=] .

15
==1¥+C
=%

Q=0whenL=0
Then ;

0=L2(0p*+c
4
C=0
Therefore,Q :%3 L3

Definite Integral

Definite integrals are integrals with limit/boungiaiThe introduction of
boundary helps to eliminate the arbitrary constant.

Example 1: J': (5x+ 3)dx

= {5_)(2 + 3X:|
2 0
- {&?Z " 3(2)} - [ig)z ¥ 3(0)}

=[10+6]-0
=16
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Example 2: For a firm with the marginal revenMR =85-5Q, what is
the change in total revenue if it expands its oufifmum 2 to 6?

Solution:

6 o _ _5_q2 ®

[, (85~ 5q)dq {85«1 > }

_ _5(6y |_ 52
{85(6) s } [85@ : }

=420- 160
=260

The solution of definite integral may sometimesgoive sketching the
graph of the integral. This is only possible wheardull polynomial is
given.

Measuring changes in capital stock also requinesuise of definite
integral.

Example 3: The rate of net investment Is= 4&¢¥°and capital stock at t =
0 is 75. Find the capital function.

Solution:
K =j|dt =j40t3/5dt= 4({§tf’/5j+c
8
K=258%+C

When t=0, K=75.

Then 25(0¥5 +C = 75
Cc=75

Therefore,K =25%°+C; and
K =25%° + 75
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Example 4: The rate of net investment= 6a**and capital stock at t = 1
is 85. Find K.

Solution:

K =[ldt=[60**+C = 45%°+C
Whent=1; K=85

45(1Y*+C = 85

C=85-45= 4C
Therefore,K = 45%° + 40

Consumers’ and Producers’ Surplus

A demand functio® = f,(Q), fig. 1, represents the different prices
consumers are willing to pay for different quaestiof a good. If
equilibrium in the market is &Q, P, then the consumers who would be
willing to pay more tharR, benefit.

Total benefit to consumers is represented by tlaeesh area and is called
consumers’ surplus.

P
Consumer Surplus
Pe
D
0 o Q

Fig.2
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Mathematically,
Consumers’ surplustQO f,(QdQ-QR

A supply functiorP, = 1,(Q), fig, 2, represents the different prices at

which quantities of a good will be supplied. If rketr equilibrium occurs
at(Q, R), the producers who would supply at a lower pribant,

benefit.

Total gain to producers is called producers’ sus@nd is designated
by the shaded area.

Mathematically,

Producers’ surplusQ,P, —IOQO £,(Q dQ

p

Pe /
. Producer Surplus

)

0 Qo Q

Example: Given the demand functidh=42- 5Q—- @, assuming that the
equilibrium price is 6. What is the consumer suslu
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Solution:
At P, =6, the demand function becomes

42-0Q-QF =6

36--QF =0

(Q+9)(-Q+4)=0

Q=-9,Q0=4
Negative quantity is not feasible, so we negleet —
So Q, =4

Consumer surplusj'(:1 (42-5Q-Q° )dQ- 4(6)

R _QT_,,
2 3

0

-

= 82%

Practice Exercise
1. Solve the following

a. j xv' 3% + 5dx

J' X+1
X*+2x+5
c. j(exf’ +4x* + 23 + 5) (15¢'+ 8¢+ 3¢ )b

2
d. J' 33X_+2 dx
X +2x+1
2. Find an expression for total cost (TC) if theefl cost (FC) and
marginal cost (MC) are 92 ar@f)’ - 28Q+ 84respectively.

3. If the marginal revenue is given IR =120- 8Q, find an expression

for total revenue.
4. Integrate the following functions for x varyibgtween 0 and 2

a. 6x'°
b. 18 - 3x+ 4
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Determine the total cost function given thaetixcost is 125 and the
marginal costMC =5Q° — 22Q+ 56

Givenl (t) = Y2, find the level of capital formation

a. in 8 years [0,8]

b. from fourth year through eight year [4,8]

A polynomial which can be written 4 +1)(Q+1)(Q—- 2)- 3= Pis
given as the demand function. Calculate the conswugply if the
equilibrium priceR, =3

If the marginal propensity to consume (MPS) isveg
asS'(Y)=0.3-0.1y¥?* and if the aggregate savings is nil
whenY =81. Find the savings function S(Y).

Suppose that the net investment flow is deedriby the equation
I (t) =3Y2and that the initial capital stock at time t = Kig0), what
is the time path of capital K.
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