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Vice-Chancellor's Message

| congratulate you on being part of the historiolation of our Centre for
External Studies into a Distance Learning Centtee fleinvigorated Centre,
is building on a solid tradition of nearly twentyars of service to the
Nigerian community in providing higher educationth@se who had hitherto
been unable to benefit from it.

Distance Learning requires an environment in wieéanners themselves
actively participate in constructing their own kredge. They need to be
able to access and interpret existing knowledgeiartie process, become
autonomous learners.

Consequently, our major goal is to provide fulllinmedia mode of
teaching/learning in which you will use not onlyintrbut also video, audio
and electronic learning materials.

To this end, we have run two intensive workshapgroduce a fresh
batch of course materials in order to increasetanbally the number of texts
available to you. The authors made great effortsinidude the latest
information, knowledge and skills in the differatisciplines and ensure that
the materials are user-friendly. It is our hope gt will put them to the best
use.

iz

=

Pro esé‘m‘ Olufemi A. Bamiro, FNSE
Vice-Chancellor
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Foreword

The University of Ibadan Distance Learning Programhas a vision of
providing lifelong education for Nigerian citizem$o for a variety of reasons
have opted for the Distance Learning mode. In they, it aims at

democratizing education by ensuring access andyequi

The U.l. experience in Distance Learning dateskliac1988 when the
Centre for External Studies was established ta cageénly for upgrading the
knowledge and skills of NCE teachers to a Bachel@gree in Education.
Since then, it has gathered considerable experiencgreparing and
producing course materials for its programmes. fEoent expansion of the
programme to cover Agriculture and the need toeng\the existing materials
have necessitated an accelerated process of cowategials production. To
this end, one major workshop was held in Decemi@62which have
resulted in a substantial increase in the numbecooirse materials. The
writing of the courses by a team of experts andrags peer review have
ensured the maintenance of the University’s higingards. The approach is
not only to emphasize cognitive knowledge but aldls and humane values
which are at the core of education, even in andge.

The materials have had the input of experiencetbrsdand illustrators
who have ensured that they are accurate, currehteamner friendly. They
are specially written with distance learners in dpisince such people can
often feel isolated from the community of learneékdequate supplementary
reading materials as well as other information sesirare suggested in the
course materials.

The Distance Learning Centre also envisages tglar students of
tertiary institutions in Nigeria who are faced wighdearth of high quality
textbooks will find these books very useful. We #rerefore delighted to
present these new titles to both our Distance liegristudents and the
University’s regular students. We are confidentt ttiee books will be an
invaluable resource to them.

We would like to thank all our authors, reviewensl @roduction staff for
the high quality of work.

Best wishes.

N
Professor Francis O. Egbokhare
Director
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LECTURE ONE

How Ordinary Differential Equations Arise

introduction

Many of the basic laws of the physical sciences and, more recently, of the
biological and social sciences, are formulated in terms of mathematical relations
involving certain known and unknown quantities and their rate of change:
(derivatives). Such relations are called differential equations. To further il-
lustrate these, let us consider a few examples.

Example 1.1

A boy drops a ball from the top of a building. 22.05 metres high. When will the
ball hit the ground?

Solution

Assume for simplicity that, the ball is a point mass, and that there is no air
resistance. Then the movement of the ball is duly onty to the force of gravity. If
hit) denotes the height of the ball at any time (1), then its velocitv. which the
instantaneous rate of change of height(h) with respect to time, is h (t)- Similarly,
its acceleration, which is the rate of change of velocity h(t) with respect to
tire, is h'(t). Sirce the gravitational acceleration at the surface of the earth is
980cm/sec’ (980 centimetre per second per second), — 32.2ft/sec?, it follows
that h"(t) = -980 —1.1

That is, th- acceleration of the ball is constant and is in a direction opposite to
gravitational acceleration, which is measwred downwards. (This is why there is a
negative sign in 1.1.



If you now integrate both sides of 1.1 with respect to t, you will obtain

h(t) = -980t + G, —1.2
where C1 is a constant of integration. To determine Ci,sett = 0in 1.2 and
observe that the initial velocity of the ball is h (0) and is zero. Therefore C1 =
h(o) = 0. To obtain an expression for h(t), integrate 1.2 with respect to t, to
obtain

h(t) = 490t + C, —13
with C2 as a constant of integration. Settingt = 0 in 1.3 gives

C. = h(0) = 2205.
Since the initial height of the ball above the ground is the height of the building
itself. With this value of C2, 1.3 becomes

h(t) = -490t* + 2205, —1.4
and this relation gives the height ‘of the ball above the ground at any time t.
When the ball hits the ground h(t) = 0; that is,

490t° = 2205
Therefore t = +3/ V2. Since t = -3/V2 has no physical meaning, the desired
answer is t = 3/ V2 seconds.

Example 1.2

Consider a bacteria population that is changing at a rate proportional to its size.
If N = N(t) represents the population at time t, then dN/dt is rate of change of
population, and dN/dt « N; thatis

dN/dt = kN —15
is the equation of population growth, where k is the constant of proportionality.

Solution

A solution of this equation is N(t) = N(O)e'“.

You will see that if K>0, then the population is growing exponentially, while if
K <0, the population will decay exponentially. if K = 0 the population will remain
constant at the initial value P(0).

Example 1.3

Newton’s law of cooling states that the rate of change of the temperature, dif-
ference between an object and its surrounding medium is proportional to the
temperature difference. You will see that if you denote the temperature difference
at time t by A(t), then the equation for A (t) is the same as 1.5; that is,

dA

e



with solution

A@t) = A(0) e*
since the temperature difference approaches zero as time increases without
bound, the constant k in this case must be negative.

Example 1.4 _

Thegrowthtateperhdeualhapopuatbnlsﬂ\edifferenoebetweenthe
average birth rate and the average death rate. Suppose that in a given popula-
tion the average birth rate is a constant § >0, but the average death rate, due
to effects of over-crowding and increased competition for limited food resources,
is proportional to the size of population, with constant of proportionality J >0.

Solution

Let P = P(t) be the population size at time t. Then dP/dt is the growth of the
population and the growth of the population and the growth rate per individual of
the population is

1/p dP/ dt.
The birth rate per individual is 8 and the death rate is - 3P. Therefore
1/pdP/dt =pB-4P —16

and this is called the logistic equation. The growth exhibited by this equation is
called the logistic growth. You will see in the next section (Example) that

P@) =B 16+ [Bp"(0) 4 Je P is a solution of 1.6.
Observe now that as t gets larger, the term e”" approaches zero (since §>0)
and the population size approaches a limiting value of g/ beyond which it can-
not increase, since setting P = S/ in 1.6 yields dP/dt = 0.

Exampse 1.5




The circuit shown above gives rise to:

L di _
—dT-FRi—-E —_—7 |

where i is the current at time, t.

Example 1.6

Afamny.Sofcurvesssuchthatthegradlentateverypolmaeverymmberof
the family is twice the abscissa. Determine the family of curves.

Solution
Let(x.y)beanarbitrarypolmdonememberds.Thendyldxisthegradient
and

gl- =
dx x —18
Integrating both sides with respect to x gives .
=X +C —19

whereCis a constant ThIS is the equation of a family of parabolas with common

axis y.
AN
g

Y=x224

" Note
In any of the above, the problem is to
find the dependent variable in terms
of the independent one, e.g. in 1.5 N
\\i\n\tormsoft,-while 1.ayinm¢_nx.

——



LECTURE TWO

Definition and Classification

Introduction
Ardaﬁaslbbetwemavarhbloqmﬂyxmﬂadeper\dernvaﬁableyandhs
derivatives

%(. % ......... is called an Ordinary Differential Equation.
Some examples are:
% = bx —21
%+ %L+ =0 —22
et ™0 23
d

The er of a differential equation is the order of the highest derivative that
appea. in the equation. Thus, you wil see that equations 2.1, 2.2 and 2.4 are of
orders . 2 and 3 respectively.



The degree of a differential equation is the power to which the highest derivative
is.raised. Clearly equations 2.1 and 2.2 are of degree 1 while 2.3 and 2.4 are of
degree 2.

As you have seen in Lecture one differential equations normally arise from physi-
cal situations and it is often required to obtain a functional relationship between
the independent variable and the dependent variable, having eliminated the
derivatives. For example, equation 1.9 gives such a functional relationship for
the equation 1.8. This relation is referred as the SOLUTION of differential equa-
tion.

Example 2.1
Consider the equation d% _ 2
dx2 —25
which is of first of second order and first degree. You can solve this equation by
two successive integrations:
_g)Y(_ = _;_x"’ +A

andy = ,r‘z.X4

+ Ax + B, —26
where A, B are arbitrary constants.

You will note from this example and 1.8 that the solutions of the first and
second order equations involve one and two arbitrary constants respectively. In
general it can be shown that the solution of an ordinary differential equation
referred to henceforth as o.d.e., of order n involves n arbjrary constants.

Conversely, it is known that if a functional relationship between y and x contains
n arbitrary constants, then the elimination of these constants yields an o.d.e. of
order n.

Example 2.2
Consider the relationship

Solution
y = Ae® + Bé"
Differentiating with respect to x two times gives
y = 2Aez" + Be*
and y = 4Ae®> + Be*
The first two equations give



y -3y = -2A¢™ - 2Be".
But, y = Ae® + Be". Therefore

y-3y = -2A¢%-2Be" = -2y,
that Is,

y -3+ 2y =0
which is an o.d.e. of axder 2.
Sdutlons.wd\-i.l“uw'ﬂnwbmmdumaryoon-
stants are called General Solutions.

In physlcdprou-.m-u-dymcdwhlch satisfy certain
spedﬁedm-dt-om-omdmasslgnvaluestothear-
bumwmmwddﬁt““mmvenoonditions,is
called a Pasticular Solution, and the condhions satisfied are of two types:
Boundary Conditions or initial Conditions.

Exampie 2.3
Now return to equation 1.8 and its general solution 1.9. Let the initial condition
bey = 1 when x = 0. Then you will see readlly thet the value assigned to the

m{mcmmhmbmyc= 1, and the particular solution
By=x+1

Example 2.4
You have seen from example 2.2 thaty = Ae> + Be” is a solution of y - 3y’
+ 2y = 0.
Furthermore & is the general solution since it contains two arbitrary constants.
Now let the value of y for a given value of xthusbey = Owherex = 0. This
gives A + B = 0, which clearty does not determine A, B independently. We
need a second sondition in order to do this. Let the conditions now be
yoo) =0, y'(© = 1. —23
You can readlly show that these lead to two equations in A and B,
A+B=02A+8B =1
and hence that A = 1, B = -1. The particular solution isy = e” - e*and 2.6
are the initial canditions.

in general ¥ the o.d.e. concerned is of order n, then the Initial conditions consist

of specifying the valuss of the clependent variable together with those of first (n-

1) derivatives at 1 given value of the independent variable; for example
Yi0) = 80,Y(0) = @,i =12 el

¥ instead of 2.7, the values



y -3y = -2A¢> - 2B¢".
But, y = Ae> + Be" Therefore
y'-3y'= -2Ae*-2Be" = -2y;
thatis,
y -3+ 2 =0,
which is an o.d.e. of oxder 2.
Solutions, such as 1.9 and 2.6, with the appropriste number of arbitrary con-
stants are called General Schstions.

in physical problems, schaions ase ususlly required which satisfy certain
specified conditions, and thess condilions are used to assign values to the ar-
bitrary constants. This type of schuion, that satisfies certain given conditions, is
called a Pasticular Solution, and the condilions aatisfied are of two types:
Boundary Conditions or initial Conditions.

Example 2.3
Now return to equation 1.8 and Its general solution 1.9. Let the initial condition
bey = 1 when x = 0. Then you will see readily thet the value assigned to the
m{mcmmm&mc = 1, and the particular solution
By=x"+1

Example 2.4
You have seen from example 2.2 thaty = Ae> + Be"is a solution of y" - 3y’
+ 2y = 0.
Furthermore R is the general solution since it contains two arbitrary constants.
Now let the value of y for a given value of xthusbey = Owherex = 0.This
gives A + B = 0, which clearly does not determine A, B independently. We
need a second condition in order to do this. Let the conditions now be
y0) =0, y'(0) = 1. —_—27
You can readlly show that these lead to two equations in A and B,
A+B=02A+B =1
and hence that A = 1, B = -1. The particular solution isy = € - " and 2.6
are the initial conditions.
in general ¥ the o0.d.e. concerned is of order n, then the initial conditions consist
of specifying the values of the clependent variable together with those of first (n-
1) deriviitives at .1 given value of the independent variable; for example
y0) = a0, Y(0) = ai,i =12 ... n-1
¥ instead of 2.7, the values



y(0) =0,y(1) = 1 ’ —28
are specified, then 2.8 are called boundary values and, in this case the arbitrary
constants must be determined from

A+ B = 0,Ae® +Be = 1.
You will see from these equations that B = e2/(e”' - 1) and A = -€¥(e” - 1);.
and hence that Y = e?/(e”! -1) [¢* - 2] is the desired particular solution.

Post-Test
1. Solve the following diffierential equations by integrating both sides. Obtain the
particular solution satisfying the given initial conditions

(a)% .—;2(3+3’ y(0) = 2
88 _ g o

O - % y-4
@ 0-Ady _,
dx

(e %— = sinx-cosxy(nlz) =0,y (n/2) =1

0_gy
“ta o =1y0 =2

@e*>dy ., _
a t1=0 y »+i2a8X >+ »

2. Solve the following equations and the systems of curves represented by the
general solutions:

@dy_1 X
dx 3

(b) dy _ o
dx
© %x! = Sin x

d)? d -
@ X i2-0



LECTURE THREE

Variable Separables Equation

Introduction

You now have the necessary background for the study of solutions of otdinary
differential equations. You have, indeed, solved some o.d.e's by direct integra-
tion. However, there are many other equations which cannot be solved that way.
In order to solve such equations, you will need some additional techniques.
These new techniques will be introduced in what follows for first order equations.

First order o.d.e’s can be classified into four broad headings:
() Variable Separable Equation.
(i) Equation Reducible to Variable Separable form
(iii) Linear Equations
(iv) Exact Equations

Consider the equation
dy _
dx = Fxy) — 3.1

The simplest situation when this equation can be solved is when Fixy) is a
product of the form
F(xy) = f(x) g(y)

1C



In such a case, equation 3.1 becomes

dy _ f(x) a(y)

dx —3.2
We may then "separate the variables" and write

4y _ fpodx.

aly) = '

The general solution is obtained by direct integration thus:

fd_y
gly) = ff)dx + A,
Where A is an arbitrary constant of integration. Equations of the form

dy dy _ :
dx ) or dx a(y) are specially simple examples of 3.2,
and problems 1 and 2 at the end of Lecture 2 concern such equations.

Example 3.1
Solve the equation_

dy _

X =eeeny
Solution

To solve this problem, first express the equation in the form 3.3 and then in-
tegrate to give:

d;} = (® + 1) dx;

that is,
4= e + x + A
where A is an arbitrary constant.

Example 3.2
Solve the equation
x(y? - 1)dx - yp& - 1)dy = 0
Solution
Separating the variables gives:
xdx _ _ydy
X -1 y¥-1 =0

To integrate, you must recall that d/dx(x2 - 1) = 2x. Therefore, on integrating,
you will obtain:

11



1/2log b&-1-1/2log 1 y*-1 = A

log 1% -1/ -1l = 4ogB, A = Jog B,
which may be rewritten thus:

*-1) = B¢ - 1).
where B is an arbitrary constant.
Observe that replacing one arbitrary constant by ancther, as in this case
A = Hog B; may help simplify the expression for the general solution.

or

Example 3.3
Solve the logistic equation

dp _ 5.
gt = PB-¢P)

Solution

Separating variables, you have that
dp_ _
pBIp). = *
By partial fraction: you also have that
1 S N -]
P@ - 3p) BP BB oP),
and substitution into the separated equation and integration now give

1 1
B NP -F In B-P) =t +A

orin (_P )"
(Fom =t+A

You may take the exponential of both sides and replace e® by A to obtain

P
m:Aef"

as the general solution.

If the initial condition
P{0) = P,

is prescribed, the arbitrary constant A can be eliminated. Indeed
A= Po/ 03 - 5Po)

and so

__,ﬂ(!)_ — P, Bt
B - 3P(t) B 3Pee

12



If you now cross multiply and solving for P(t), you will obtain (after some al-
gebra)

PO = 3+ ‘IBFM 3] 9#‘.

which is the solution of the logistic equation.

Post-Test

1. Decide which of the following equations is of variable separable type, and
separate the variables where possible:

(@ dy _
- cotx coty

(b) 62+ 1)dy + (xy-xy?) dx = 0
(€) xydy + \/(1-y) dx = 0
(d (- —g)y(— + (xy +sinx) =0

(e)siny_g)%_ +sinx+y?=0
(f)_g_)y(_ +(1-y?) + tanx = 0

2. If an equation in problem 1 is separable, solve it.

3. Solve the following initial value problems:
@@ dy _ = = L
at = 3y, y = 1 whent 3

(b) _dy _ —r
dx = Secdy. y= 6 whenx =20

(C)X_dayx_ =y +Xxy,y=1whenx = 1

(d) 2z(x + 1) _adXZ_ =4+ 2,z=2whenx =3

4. Solve the following
@ (1 + gx! +x2 =0 y-=>+ waso >0

(b) 1 x(x=1) -3-1— =yly+1)andy = 2whenx = 1, find ywhenx = 2

13



LECTURE FOUR

Equations Reducible to Variable Separable

Introduction
it is sometimes possible to reduce an equation to the variable separable type by
means of a simple change in variable. Consider

dy _ cos(x + y),

dx —4.1

in which the variables are not separable. Make the substitution x + y=v.
Then, you will have '

1+dy _ _dv
dx dx.
If you substitute for dy/dx in the given equation 4.1, you will obtain
dv _
& 1 =cosv
and this separates to give
dv B B
1+cosv dx

Note now that 1 + cosv = 2 oosz(lz). Therefore on integrating you will obtain
tan ¥ =x+ A

or y = 2tan’ x + A) -x

14



-Pre-Test
Solve the following equations:
@x+ydx+dy =0
(b) dy  _ a2
dax tan® (x + vy)

Another instance of reduction by change of variables occurs in the case of

homogeneous equations, which now follows.
Homogeneous Equations

A function P(xy) is said to be homogeneous of degree n if the sum of the
powers of x and y in each term of P is n. For example
@ xv* - 2y ‘= 2 is homogeneous of degree 3 and
@ y*- 342 + 2xy® s homogeneous of degreb 4

Now if in (i) you set

Picy) = xy* - 3y + 28
and let'y = vx. Then you will see ready that

Povx) = x(v)2 - 3E(vx) + 2°

= )(3[\/2 -3v +2]
Similarly (i) will give

Pixw) = x*v* - 32 + 2v9
More generally if P(x,y) is a homogeneous function of degree n, the substitution
y = vx will reduce P to the-form

P(x, xv) = x"R(v)
where R is independent of x.
Consider now the equation

P(xy) dx'+ Q(x,y)dy = 0 —42 -
This equation is said to be of homogeneous functions of the sarid” dégréd; If
both P, Q are homogeneous of degree n, the substitution y = vx will' rédt.ce
them to the forms
P(x. xv) = x"R(v), Q(x, xv) = x" S(v) where R and S are functions of v alétié;
Substituting y = vx in 4.2, noting that dy = xdv + vdx and cancelify out X",
you will obtain

R(v)dx + S(v) {vdx + xdv} =0
or {R(v) + v§(v)} dx + xS(v) dv = 0
Separating variables and integrating now gives

s(v)dv _
Ry) + va(y) Tloax = A

15



When you evaluate this integral and substitute (back) v = y/x, you will obtsiin -
the general solution.

Example 4.1

Which of the following are homogeneous:
@ 6 + ) &y

"’""2”’% = xy

© 62-y?) dx + 2xydy = 0

@ %;L = ¥(3¢ + YIx(x + 3y)

() c(2x + y)dy-y (x+2y) dx = 0

Solution

(@), (c) and (e) are homogeneous. (b) and (d) are not homogeneous. In (b) x2
+ y is not homogeneous, while in (d) both numerator and denominator are
homogeneous, but of different degrees 3 and 2 respectively,

Example 4.2
Solve:
0@+ ¥y dy _
dx xy

Solution

The given equation is the same as
xydx- 0C + y)dy =0
Both xy and 3 + y2 are homogeneous of degree 2. Substituting y = vx, you

will obtain
xovdx -(1 + Vpe(vdx + xdv) = 0
and, if ¥, is cancelled, then
vidx + x(1 +vAdv = 0.
Now separate variables and integrate to obtain
f dx/x + f 1 +V =A
. Vdv

or- 1 ‘ =
—271"09("") A

16



Therefore the solution is

logy= X
A 2y*
Example 4.3
Solve: dy = _y(@¢ +
dx x(x“ + 3y°)
Solution

Here both numerator and denominator are homogeneous of degree 3. Divide
both numerator and denominator by ¢ to obtain

dy - 3¢y +y - _3yx+ (i’
dx @ + 3xy 1 +3 (y)?
Setting y = vx or y/x = v, you will obtain
vixdv = v+v
dx 1 + 3V
ordx - _1+3V gy
X 2v1-7§
Lastly if you split this into partial fractions you will obtain
dx _ 1 1 2 2
X 2[v+1-v 1+v]dv
and integration now gives
log »® = log Av/(1 - V)

0y = Axy

that is

Equations with linear Co-efficient
Although the equation

(ax + biy + c1) dx + (@2x + b2y + c1)dy =0 —43
is not of the homogeneous type, it may be reduced to that type by a change o
variable. This can be shown thus.

The equations
a1x + byt + C1 = 0,a2x + bzy + c2 =0 —44
represent straight lines, which will intersect unless the condition
a1 = b
az b2 —45

17



for them to be parallel hold. Now let a/a, # b,/b, and let the lines intersect at
(h, k). Transfer the origin to that point by the substitution

X=h+xy=k+y,
and the equation 4.3 becomes

(ax + byy) dx + (ax + byy)dy = 0.
This is of the homogeneous type. You may now substitute y = vx, separate
variables and obtain the general solution:

log Ax + f (a2_+ bavidv

a, + (@ + b)) v + bV

The final form of the solution will depend on whether the roots of the
denominator in the integrand are real, coincident or complex; that is according
as (a, + b,)%is greater than, equal to, or less than 4a b,

In the exceptional case when the lines 4.4 are parallel, so*that by 4.5,
a _ b 1

as ~ Bz ~ k you may rewrite 43 in the form
(@' x +by + c,)dx + {k(a’'x + b'y) + ¢, }dy =0
Now choose z = a’ x + b,y as the new variable, then
bz +c)dx + (kz + ¢c,) (d,-a,dx) =0
Separating variables and integrating you will obtain
X + f (kz + c2)dz = constant.
(b,-akt + bc, -ac,
as the general solution, withz = a’ x + b'y.

Example 4.4
Solve the equation
(x-y +4)dx-(x+y+ 2)dy =0,

" Solution

You can verify readily that the lines x -y + 4 = 0, x + y + 2 = 0, meet at
(-3, 1), and writing x = -3 + x, y = 1 + y, you will find that the equation
becomes

(x-y)dx-(x-y)dy =0,
which is homogeneous. The substitution y = vx now gives

X(1-v)dx-x(1 + V) (xdv + vdx) = 0

or 1+v dv = dxg

X

Ty x

18



Integrating, you have that
1 log (V + 2v-1) = log (-A—)
35 X

and hence that
YV +2xy-x*=B, B=A2

You may finally re-substitute X = x + 3, Y = y - 1 to obtain the general solution
(y-1% +2(x + 3)(y-1) - (x + 3% = B.

Example 4.5
Solve the equation
dy = 2x+2y + 3
dx X +y -1
Solution
Sincethe lines2x + 2y + 3 = 0,x + y-1 = O are parallel, set z = x + y. Then
dz -1 _ 2z + 3
dx z + 1
or dz = 2z +4
dx z + 1
From this, you can verify that
z-1
(z_z)dz—zdx

3
1- =
or( z\d 2 dz = 2dx

Thereforez-3log (z +2) = 2x + A
and the general solution (y-x) + 3log(x +y +2) = A

Post-Test

1. Solve (c) and (e) in Example 4.1

2. solve the following equations
(@ (4y + X)dy - (y -4x)dx = 0

(b)(x+v)2%!(_ =2 2xy + 5y

,(c)y-$i+vm
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(d)(x2+.2xY)—‘é\xL+2xy+y2+3)€=0

giventhaty = 2whenx = 1.

3. Solve the following equations
(@) (2x- 4y + S)dy - (x-2y + 3)dx =0
() (x-5y + 5)dx + (5x-y + 1)dy = 0

(c)_dy = 3x-y+4
dx 6x-2y + 1

@ & + y2dy = (x + y + 2)2dx

2C



LECTURE FIVE

Linear Equations

introduction
If a differential equation can be rewritter! in the form

%* py = Q —5.1

Where P, Q are functions of x only, then the equation & ssid %0 be Bnear of first
o:d_er.sheodykk'andyoceurllneaﬂyform

g +(sinX) y=x2-1
is inear with P = sinx, Q = x*- 1 and
?_dY_‘ -4y = Tx*
dx _
is seen to be linear-after multiplying all through by x to give:
g -2y = DS
Enmplos.i

‘Which of the following equations are linear. Recognise the types of the other
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(@) X‘%!)l( + (¢ + 1)yw= tan x

2
O o

(C)‘gx- X 1

X T +x Y T+
(d) cosxsinydx + sinxcosydy = 0
(e)g% =2X+Y.

Solution

(a) Linear with P = g( : 4 1[) Q = x*tan x

(b) Homogeneous

(C)lnearP = _x Q= 1
1+ x(1 +
(d) Variable separable
(e)lUnearP = 1 ~ _,.
X Q = 2; also homogeneous
Nowthatyoucanreeogtiselinearﬁrstordereqnmla_mnroduoeyoutoa
method of solutipn.. In equation 5.1 the presence of the terms dy/dx and y sug-

gests differentiation of a product involving y. To produce this product multiply
5.1 by a function u = u(x), where u is to be determined later. This wilil give

d =
o ¢ wr - w0 a2
sinc = di
¢ _g:_((uy) % + y?%‘gyoueanrewrites.zmus:
d ydu
: dx () + uPy-"dx =uQ —53
Thiseqmﬂoncanbesolvedbydirectnewaﬂbnlthetsrm_(uPy-y@
vanished; that ¥ dx
du .
dx_-Pu
Mbmmdhwiablesepamblefonn.&paraﬁondvaﬂauesdves
U= —54
with this choloe of u 5.4, 5.3 reduces to
& () = wQ —55
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and the generél solution Is
uy = fuQdx + A —56
with u given by 5.4
To solve a linear first order equation you may proceed as follows:
() Write the equation in the standard form dy + Py = Q
dx

(i) Evaluate [Pax (no arbitrary constant is needed) and u = e/P%

(iii) Muitiply the standard form equation 5.1 by u and verify that ¥ reduces to
the form 5.5,

(iv) Integrate to obtain 5.6

Example 5.2
Solve the equation

xdy _ _
dx y=x+1

Solution
First, you reduce to standard form by dividing all through by x to obtain

dy _ 1ly=x+1,
dx x X

sothat P= -1, Q= 1+ 1
X.

a

Now

X,
U=ePi- e'°°(1lx) = 1
Therefore, on multiplying the last equation by 1/x, you have

& () -

and by direct integration
Y = 1
X Jogx-x + A

Thus the general solution is

y =xlogx + Ax -1
Note that the most crucial step in the solution of a linear first order equation is
étep (i) above namely the evaluation of the integrating factor: u = of b

The step (iii) can be omitted; its inclusion was to ensure that the correct expres-
sion for us is obtained.

23



In evaluating the Integrating factor u, the Integral. fpdx often involves the ~
logarithm of a function. You will find, in this connection, the following identity
useful

996! = exp logef(x) = f(x).

For example, f p = 2/3 cot 2x, then
fPdx = -1/3 loge sin 2x = logs (cosec 2x)'R
and u = eff* = (cosec 2)'°

Also ifP = X + 4
- X + 4, then

fpdx =f(1 + 1/x + 3)dx = x + log, (x + 3)
Hence p = o/ P* = ¢ + loge (x + 3)

=¢"(x + 3)
Example 53
Solve the equation
Qv (tan x - —';)y
Solution

Here P = tanx - 1/x and
fPdx = Hog-cos X - log X

= log sec X - log X
= log (sec x)
X
Therefore u = & ™ = sec x
x  ard
sgc;)s y_ [_s_i_c__x. x2 cos X + A
= 1 ¥ +A

2
using formula 5.6. The general solution is

y=cosx[LT X +A] ,

Example 5.4
Solve the equation

x(x2-1 dy _
) dx +y =20
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Solution
Dividing through by x(¢ - 1), you will obtain
dy + _1_y__22
dx X(; - 1) . ; - 1.
SothatP = 1
x(? - 1). Now you can show by partial fractions that

}___ .1 +1 (1 1
X0 - 1) X 2 (x—1+x+1)
and hence that
fpdx = -logx + 1 log (x - 1) + 1 log (x + 1)
= log[ (¢ - 1”23

X
Therefore the integrating factor u is

u=02-1)"
X
and hencey (@-1) "2 = 2f x + A
X @y
= 26¢-1)" + A
The general solution is
Y = 2x + Ax(é - 1) 12

Post-Test
1. Obtain the Integrating factor corresponding the following expression for

1 b) x*
(a) - IL+_1 ()__x’

1 3
© x6& + 1) @ (6x z 1)

2. Solve the following equations:
(@) x(1 - Xz)_\L + @E-1)y =~

(b)2(x2+x+1)_y_+(2x+1)y=8x2+1
dx
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() (sin x cds“x) gyw (cos 2x cos™)y = (sin2x)"?
X
(d) Cosx_dqu_-:)ysinx = cot X
@M + 2 vy +y=2x
dx

(')—%yi+ytanhx=8ez‘

(@ y' + 2y cosec 2x = 2 co? x cos 2x
M (1 +A%" + (1 + %0 + Dy = 2x
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LECTURE SIX

Exact Equations

Introduction

Consider the function of two variables u(x,y). If you hold y fixed, you may dif-

ferentiate with respect to x. The resulting expression is called the partial deriva-

tive of u(x,y) with respect to x and is denoted by du. For example it u(xy) =
, then ’ X

su - " and SYU = 3xy2
X 2y° @ 3y ey In a similar way you can define the partial
derivative of u with respect to y. The expression

du dx + du dy
ox 3y

is called the Total Differential of u and is denoted by du.

Thus
du = du dx + ~du dy. —6.1
dx dy

For example the total differential of x%y> is 2xy’dx + 332 dy

Now when the general solution of a first order equation involves an arbitrary
constant A explicitly, say u(x,y) = A —6.2
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the operation of taking total differential eliminates A automatically, thus:

du(x,y) =0 —6.3
or Sudd<+8su=0 -—64
&by
Reversing the situation, suppose you start with the differential equation
P(xy) dx + Q(xy) dy = 0 —65
If you can find a function u(xy) such that
_Sur= P(xy), 8u = Q(xy —66
8% Sy '

then 6.5 becomes du = 0, so that u(xy) = A is the general solution of 5.5. In
this case Pdx +Qdy is an exact differential, and 5.5 is called an exact differen-
tial equation.

To determine a ‘criterion: for a first order equation to be exact, recall that

Pu - s
8x8y Sybx,

so that from 6.6

S (xy) = 82 = 8Q(xy
8y Sxdy 8x

Therefore the condition for equation 6.5 to be exact is
8 = 5Q,
8y & —67

Example 6.1

Which of the following are exact?

(@) 2xydx + (¢ + 1)dy = 0
(b) (x - y cos x)dx - sinxdy = 0
(©) y’dx + xdy =0

y

(d) 3t + 2y)dx + xdy = 0

Solution
(a), (b) are exact, while (c) and (d) are not. ‘
To obtain the general solution ¢f 6.5 start from the first of the two relations in 6.6

Su(y)
&x = P(xy)
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Integrating partialfy with respect of x, you'Will obtain

ufxy) = fPcyldx + iy,
where the constantoflntagraﬂorfcp(y)MIsanarbltaryftn:ﬁondywhlch
vanishes under the reverse process of differentiating partially with respect to x.
Setting fP(x,y)dx = M(x.y), you have that

u(xy) = Micy) + &{y) —638
But from 6.6
Qixy) = 5u = M + ¢'(y) : —69
8y &y

and ¢'(y) can be determined from this, since Q and M are both given. Integra-
tion of 6.9 will give ¢(y) together with an arbitrary constant of integration, and
this combined with 6.8 will yield the general solution.

Example 6.2
You have seen that (a) of Example )6 1 is exact. Now solve the equatian:
2xy dx + (xz + 1)dy =0

Solution
Here P = 2xy, Q = X + 1 and
(i)_s_ﬁg =p=2x

(i dsu=Q=x2+1 —6.10
dy
Now integrate
Sy,
&% = 2xy

partially with respect to x to give u(x,y) = xzy + &y) —6.11
To determine ¢(y) differentiate 6.11 with respect to y and use 6.10 i) above to
obtain

SRt TEPRY T

Therefore ¢(y) = y + A and from 6.11,
u(xy) = y0& + 1) + A.

Example 6.3
Solve the equation (b) Example 6.1.
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Here P = x-ycosx, Q = - sin xand
® %(‘— = X -y CO8 X.
) du _ |
‘ By T -snx —6.12
Integrating 6.12 (Il)ywthrespecttox: u(x,y)=_§_2_ys|,,x+¢(y)

and hence
-sinx = _du_=-sinx + ¢'(y).
3Y
Therefore p(y) = A

and u(xy) = '5'2 -ysinx + A s the general solution.

'Equations Reducible to Exact Form

It is not in evbry case that the condition 6.7 for exactness can be met. In fact
there are few equations which meet the condition. For example, you may verify
that 3x + 2y)dx + dy = 0 - ——6.13
is not exact..However if you multiply the equation by x, the new equation which
is of the form. '

@ + 2xy)dx + x?dy = 0

is exact, as you can verify. The factorx is called an Integrating Factor. More
generally, given an equation

Pcy)dx + Q(xy)dy = 0,

which is not exact. If multiping by some function # = p(xy), the resulting
equation

#P(Xy)dx + uQ(xy)dy = 0 —6.14
becomes exact, then u = #(xy) Is called an integrating factor. Finding an in-
tegrating factor is in general difficult. There is however one procedure which is
someﬁmeswA&nﬁngmats.Mismmenmmmiﬁon of
exactness you will see that the condition

J = 3 @Q
_Jv(ﬂp) - Q)
1, o __[3%p_ &
“#(" y @ éx) = {ay dx} —6.15
Mhdd.lfhhewathgtaaorpdepmdsaiymx,mn&lsbecomes
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,“dx (6y )Q=Qk 616

simemelen-harusueisaﬁxmondxalykmwbeaﬁmax
alone, andyou_mnﬁndpbysepamthgvathhlstoobﬂl
p0) = exp [ fkOgdx ]
Asimilarresdthddsipisaﬁlwonofyaiy.lnﬂhcuo
3Q
"= (35 &))" —e617
is also a function of y only and u(y) = exp [ Jk(y)dy }.

Example 8.4
Show that ¢* is an integrating factor of

(x + y)dx + dy = 0,
and hence obtain the general solution.

Solution
You will see here-thatP = x + y,Q = 1and

—JE=1¢ 60 = 0

so that the given equatlon is not exact. Mdtiplying all through by e*; you have
e’(x + y)dx + e'dy =

and
g = 48 * —¢=46Q = 8 ¢
'6% + [ex + V)] =€ $9 2

Thereforg €* is an integrating factor. You may now integrate %yg-= &

partially with respect to y to obtain u = ye* + p(x).
Bute*(x +y) = du = y&' + ¢'(x)
3X

Therefore p'(x) = xe*
and so () = e*(x-1) + A.

The general solution is
x+y-1)e"=A

Example 6.5
Solve the equation ydx + (y-x)dy = 0
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Solution

P=y, Q=y-x.and §p- 5Q =2
8y &

Therefore K = -2 and

uwly) =y 2
Multiply the given equation by y 2 to pbtain
y"dx + (y-x)dy = 0

Check that this equation ig now exact. You may now integrate
su s y! '

to obtain

u=x+ ¢y
Yy

Therefore

YoX =pu= x +¢'(y)
A

and so
¢fy) = logy
The general solution is
logy + x =A
y
Post-Test

In each of the following exercises verify that the giveh equation is exact and find
the general solution. Find a-particular solution when an initial condition is given.

* [xcos(x +y) + sin(x +y)]dx + x cos{x +y)dy =0
y() '-‘%_ 1

2 [logllogy) +2xy°] dx + [Jogx + x3?]dy = 0
X 3 yiogy

3. Cosh 3x cosh 3ydx + sinh 3x sinh 3ydy =0
4. (¢ + Yy dx + 2xydy = 0y(1) = 1.

5-(1 + )$+Sx&+x2[ xdy _ o
1+ + Y9
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. - . - 1)dy =
6(_17 717+ )dx+(?_yzi _;_)Y 0

7.(ax+hy)dx+(hx+bygdx=o

8.2{x+aldx-{x+a\dy =0
y+b y+b

9. Find the integrating factor for each of the following equations and obtain
the general solution:

@ 0 + v + )dx+ ydy = 0
(b) 64 + 2y)dx - xdy = 0
() 2y°dx + (2x +3xy)dy = 0
10. Solve the equations:
@) 02 - 2y° - 3xy)dx + 3x(y? + X)dy = 0
bydx + {1+ ((x+y)tany}dy =0
© 0@-y? + 1)dx +(Z-y?>-1)dy = 0
d) (3 + 3Py + 4y)dx + (& + x + 5y)dy = 0
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LECTURE SEVEN

Some Special Equations

Introduction

You now have a number of techniques for solving first order equation. To con-
clude the discussion of first order equations the discussion of first order equa-
tions here are some special equations which can be reduced to the types that
have been discussed.

The Bernoulli Equation
The equation dy + P(x)y = g(x)y" —7.1
dx
In which P, q are functions of x alone is associated with the name of James

Bernoulli. Aithough a noninear equation, it can be reduced to linear equation by
a change of independent variable y. Indeed dividing all through by y" gives

y" dy + P y"" = q(x) —72
dx,
and this suggests the substitution

vV =y"sothatv' = (1 -n)y*'%j;(y_._

The equation 7.2 becomes i
av+ (1-n)pv = (1 - n)q(x) -—73
dx : :
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which is the standard linear equation in the new independent variable v.

The Riccati Equation
This equation is of the form

dy = p(Y’ + gy + rX)
dx

where p is not identically zero. It may be solved completely when one particular
solution, say y = y' is known. This is achieved by the aid of the substitution

y=y + 1
\{

which gives
dv+(@py' +qv+p=0 —74
dx

a linear equation in v

Higher Order Equations - Reductionpof Order

The simplest case, where reduction of order is pessible occurs when the de-
pendent variable is absent from the equation, say, for example,

Fxy,y) =0 —75
where y"' = d?y
e

The technique here is to replace y1 by P and regard P as the new independent
variable. This will reduce the equation to first order:
Fix,p. p) =0
which hopefully you may solve using one of the techniques discussed before.
In particular, when x is absent as well as y (in 7.5) the equation can be written as
y = gly")
or ' = g(p)
which is of the variable separable form. An equation of the type
F(x, y("'1), y(n)) =0
can also be reduced to first order by the substitution z = v
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Example 7.1.

Solve the equation
dy - ¥y -
dx 4x 3)gy’
Solution

Dividing by y> and setting v = y *, you have

vi 41 v= 12
X

with integrating factor x. Therefore x v = & + A
ory = 4/ x
A -6

sincev = y*

Example 7.2
Solve 28 y' = (x- 1)(y* -2) + 2y

Solution
This is aRiccatti equation with obvious particular solutions y = X, ¥ = X
Substitutingy = x +_1_
‘v
gives 2¢(vy v) =1 -X,
with the general solution

v = (Axe-* - 1) /2x.
The general solution of the given equation is

y=Xx+ 2x
Axe™ - 1
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LECTURE EIGHT

Second and Higher Order Equations with
Constant Co-efficients

introduction

The most general form of second order o.d.e. is F(x, y, ¥’ , y") = 0, that is an
equation involving x, y, y' and y". There is no procedure for solving arbitrary
equations of this form. However, one particular type occurs ever so often in
applications arisingfrom Science and Engineering.
This type is the simpliest of all second order o.d.equations and is of the form
s T WY

&2_ dx +Ccy= 0 ——81
where a, b, ¢ are constants and Q is a function of x only. Equation 8.1 is called a
linear second order equation with constant co-efficients, the co-efficients being a,
b, ¢. You wil, in this section, learn some methods for solving such equations.

The solution of the o.d.e. 8.1 is closely related to that of the simpler one

adY

a2 a« tey=0 —82

Note that the difference between this equation and 8.1 is that Q = 0 in 8.2. The
equation 8.2 is called a linear homogeneous constant co-efficient second order
equation. It is also referred to as the reduced equation (of 8.1, since Q = 0).
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The question you will ask Is: _
How do | solve this ‘simple’ equation? To answer this question, recall that the
solution of the simplest first order equation

dy —0is y = Ag™
dx +ky = 0is y = Ae

This form of solution is to be expected since the equation merely states that the
derivative of y Ig a (negative) muitiple of y itself, and the exponential function e
k% has such a property. Since the second derivative of an exponential function is
also a multiple of itself, it is reasonable to expect that 8.2 might also have an ex-
ponential function as solution.

Now make y = ™, m a constant, as a trial solution of 8.2 since
g.y = memx and c% — mzemx

dx
you will see, on substituting into 8.2, that
am? + bm +¢c =0, —83

which is a quadratic equation from which m is to be determined.
To fix ideas, consider the equation

- 3dy _ oaX v
%— ax Ty =2 — 84

with corresponds to 8.1 witha = 1,b = -3, ¢ = 2and Q = 2e,
The reduced equation is

d% - 3dy- _

dé dx +t2y=0 —85

and making y = €™ a trial solution, so that yi = me™ y' = m%™, gives

e™(m?-3m +2) =0;
thatism?-3m + 2 =0

since®™ # 0. This equation is called the Auxilh;y prcharacteristic equation.
You may solve it to obtain

m=1orm=2
You will then see thaty = ¢*andy = e are the corresponding solutions of 8.5

You will note that two independent solutions have been obtained, each cor-
responding to a distinct root of the awxilliary equation. You may wish to verify
by direct substitution that y = Ae*, y = Be™ and y = Ae" + Be,. are solutions
of the reduced equation, A and B being arbitrary constants. The solution

y = Ae* + Be®
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is the general solution of 8.5 since it contains two arbitrary constants; it is also
referred to as the complimentary function of 8.4.
Returning now to the equation 8.4, you will readily check that the complimentary.
function is not its solution; an extra term needs to be added to balance, the 2e™
on the right hand side. You may obtain this extra term by making a trial solution
of y = ae™. Indeed substitution in 8.4 will give
(a + 3a + 2a Je™ = 2¢™,

sothata = '?f Therefore the complete solution of 8.4 is

1

y=Ae"+Bez‘+§e’

X

since this contains two arbitrary constants it is the general solution of 8.4. The
extra trial solution %e"‘ is referred to as a particular integral of 8.4 since it
contains no arbitrary constant (ie. the constant a having been assigned the

value 1/3). Thus you now see that the general solution of 8.4 is the sum of the
complimentary function and a particular integral.

Complimentary Function

You will recall that substitution of the trial solution y = e™ into the reduced
equation 8.2 ’

ay" + by +cy =0
gave rise to the auxilliary equation 8.3,
am® +bm+c =0
From what you know about quadrafic equation, the two roots m1, mz are
m =b b -dac, m2= b VE?-dac
2a 2a
and the following three cases are possible:
() real unequal roots, if b® > 4ac;
(i) real but equal roots, if b?> = 4ac;
(iii) complex conjugate roots, if b? <4ac.
The two independent solutions giving the complimentary function are determined
by my-and m2.

You need to know the form of the complimentary function corresponding to
each of the three cases.
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Case 1
If the roots mi, mz are distinct real numbers, then the complimentary function is
Y= Ae,m" + Bemz"  —85

Example 8.1
Solve
y +3y -10y=0
Observe first the close similarity between the reduced equation 8.2 and the auwxil-
llary equation 8.3. Indeed replacing y* by m? and y’ by m, you obtain 8.3 from
8.2. Therefore, in this case, the auxilliary equation is
m? +3m-10 = 0
or (m+ 5{m-2) =0
Therefore m, = -5 and m; = 2
The general solution is
y = Ae ™ + Be®

Case Il

Here mi = mz = n say, and as in the previous case, you might think that the
complimentary function is y = Ae™ + Be™ = Ce™ where C = A + B. This
'meansmatmesduﬂmeoMamsodyomarbitrawoonstamhsteaddtwoaw
hence It is not the complete complimentary function.

Tooomplet,emecomplknemaryhmcﬁonmkeamqlsduﬁondy = ey,
where v Is & function of X to be determined. Obsarve here that n =" since
an? + b + ¢ = 0.and b = 4ac. If you now substitute -
y =e™(v + m),y = e™(v +2nv + n?v)-into 8.1, you will see, after some
rearrangement of terms that. ,
or ¢ latv + 2nv + P+ bW+ m) +ov] =

av + (2an + bv"+ (@ + bn + Qv = 0
since the co-efficients of v/ anti v reduce to zero, this gives

v=0
and direct integration yields

v = Ax + B,
where A, B arbitrary constants. Thus the complete primitive is

y = (Ax + B)e™ —86
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You may verify by direct differentiation that 8.6 Is indeed a solution of 8.3.

Example 8.2
Solvey" -2y’ +y=0

Solution

Here the auxilliary equation m® - 2m + 1 = 0 has m = 1 as a repeated root.
Therefore the general solution is

y = (A + Bx)e".

Case llI
Here b® < 4ac and the roots my, mz of 8.3 are

m =-b +Yb’-4ac = P +iq
2a

mz=-b\b’-4ac = P-iq

2a

say,wherep=b , q= \Vaac-f P=-1
2a, 2a,

The complimentary function is

y = Al tiax B,Q(P-i&)x
whereA1,B1areatbiiraryomstams.UshgﬁnfaaMe"-cocz+isinz,
ﬁismtpr%snonyoumnrewmeas

y= e""(Aa(cosqx+Isqu)+B1(oosqx lshq;o]
, = [Acosqx + Bsinq »
where A = A1 + By, B = i(A1 - B1). Observe that the constant A, B need not be

complex. Indeed, by direct substitution you can verify that, y' = €™ cos gx, y =
€™ sin qx are solutions of 8.1. TherdueforabllaﬂymdcmstamsAandB

y = Aé™ cos gqx + Be™ sin qx —87
is the general solution of 8.3 with

A =Csing,B = Cos#, so that C -\/A! + B2
the last expression can be rewritten thus:

y = Ce® sin (qx + 6), —88
which is another form for the general solution of 8.3. Yet another form is
y = Ce™ cos (qx - ¢) —89
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withA = Ccosgand B = Csing.

Example 8.3
Solvey" +y +y =0.

Solution
Here the awdiliary equation is m* + m + 1 = 0 with roots
M= (1 +1 Va)2, mg={1-iva)l
the general solution is

y=e AcosZ. + Bsin D).

‘a multiple of the other. Thus, in example 8.1, for instance, e > are two linear-

ly independernsolutionssinoeﬂwredoesvnotexlstaconstama # 0 such that
™ = a6 for all x.

There is.however some .other test for linear independence. Let y1(x), y2(x) be
any two solutions of 8.2 The Wronskian of Y1, ¥2, denoted by W(yi,y2) is
defined to be

Wiyry2) = y16dy; (9 - y2(9y! (x)
It turns out that the following resuit is true:
The solutions y1(x), y2(x) of equation 8.3 are linearly independent on X0, x1] if
and only if W(y1,y2) »0.
Finally note that the general solution of 8.2 (that is, the complimentary function)
is a linear combinatioh of two linearly independent solutions of 8.2.

Post-Test

Solve each of the following equations:
1.2y" + 3y’ -2y = 0 ‘
2y -2y' +2y =0
3y-9y=0
4y +6y +9y =0
5y +9y=0
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LECTURE NINE

Particular Integrals
introduction

In the previous section you went through a number of methods of finding the
complimentary function, depending on the form of the auxilliary equation. Since
the general solution of 8.1 is the sum of the complimentary function and a par-
ticular solution, here you will learn how to find the particular integral when Q is of
the following forms which occur most frequently in applications from Science
and Engineering: ‘ :

(1 P&

@ P,0de™

(3) P ()e™ sin bx or P,,(x)e_"‘ cos bx

where P (x) is a polynomial in x of degree n. The technique to be used is essen-
tially the same as that employed for equation 8.4; that is the trial solution for the
particular integral, P.I. will be assumed to have the same basic form as Q(x). This
method is best illustrated by a number of examples.

Case 1
Consider y'- 4y = x° —9.1
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Since Q(x) = >Z Is a polynominal of degree 2, the suggested form of trial solu-
tion for the P.I. is

yo(x) = a + bx + o,

where a, b. c are to be determined in such a way that yp(x) is indeed a P.l. You
will observe that yp* = 2c, so that substituting yp(x) inta 9.1 gives

2c-4(a + bx+ od) =
Equating the co-efficients ofpomnofx. stanlngwlththe lowest power:
coefficlentof x° 2c-4a =0
co-efficientofx 4b =0
co-efficient of x* 4c = 1
Thereforec = -1.;b =Oanda = -}
TheP.lL ls
o) =—~F =%
The complimentry function, C.F., of 9.4 Is
() = Ae™ + Be>
-2x 2
andy = Ae™ + Bo™~f. Qx
is the general solution.

Case 2
Consider y' + 4y = xe* —92
Q(x) = xe* is of the form 2 with Pn(x) a polynomial of degree one. You may
therefore make a trial solution for the P.I. of the form
yo(X) = e*(a + bx)
where a, b are constants to be determined so that Yp(x) is indeed a P.I. for 9.2.
You can readily show that
Y = &'@a + b + bx), y = e*[a + 2b + bx], and on substituting in 9.2 that
&[a + 2b + bx] + 46*[@ + bx] = xe*.
Dividing by €" and equating coefficients now.ghve

5a+2b=0,8 =1
Thusb=1 a=42

5, 25
andaPlis
W) = 8% [5x-2]
25
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Since Q(x) = 2 Is a polynominal of degree 2, the suggested form of trial solu-
tion for the P I is

yo(X) = a + bx + of,

where a, b. c are to be determined In such a way that yp(x) is indeed a P.I. You
will observe that yp* = 2c, so that substituting yp(x) inta 9.1 gives

2c-4(a + bx+ od) =
Equating theoo—efﬂclemsofpomnofx. stanlngwlththe lowest power:
co-efficient of X° 2c-4a =0
co-efficlentofx 4b =0
co-efficlent of x* 4c = 1
Therefore c = -1 ;b = Oanda =-}
TheP.lL is
o) =—~F ="
The complimentry function, C.F., of 9.¢ Is
() = Ae™ + Be>
~2X 2
andy = Ae™ + Be™~4 i’
Is the ganeral solution.

Case 2
Consider y* + 4y = xe* —92
Q(x) = xe” is of the form 2 with Pn(x) a polynomial of degree one. You may
therefore make a trial solution for the P.I. of the form
yp(x) = e*(a + bx)
where a, bareeonstamstobedeterminedsothatyp(x)islndeedaPl for 9.2.
You can readily show that
Y = &'@ + b + bx), y = e*[a + 2b + bx], and on substituting in 9.2 that
&[a + 2b + bx] + 46*[s + bx] = xe*.
Dividing by e and equating coefficients now.gve

5a + 2b=0,8b = 1
Thusb=31 a=492

5, 25
andaP.lis
Yol = 0" [5x-2]
25
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sinceQ = 3 cos 2x = Re(3ei2"), the trial solution for the P.1. is

Y=a ei2x
Substituting in y” + 3y’ + 2y = 3e® —95
-gives

af(2)? + 3i2 + 2] &2 = 3

and so

a=3

-2+ 6l

Therefore the P. I. for 9.5 is

3930(

2 +6i
and, hence, the P.I. for 9.4 is

Yo = Re{zea } o™
If you rationalise in the usual way, you will obtain

yp=% (3 sin 2x - cos 2x). N

The general solution of 9.4 is
y = Ae™ + Be™ +-3_ (3 sin 2x - cos 2x).
20

The advantage of this aiternative method is two-fold: (i) only one parameter (con- )
stant) has to be determined instead of two in case 3, (ii) the differentiation and
substitution are more compact and easier to carry out. ~

As a further example, consider
Y + Yy -2y = 4e™ sin 3x —296
You can verify readily that the complimentary function is

Yh = Ae* + Be™
Now, you may rewrite the right hand side of 9.6 as

Q = 4e™ sin 3x = 1m[4et1+3
and hence try y=a o'+ for P.1. of
y +y -2y = 4ot

substitution gives
al(1 + B2 + (1 + i3) - 2]et1+ix _ ggti+id
and so,
oa=_-4
11 + 3.
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Therefore P.I. Is

Yo = 1m[ Tr¥m et i3

= 1mE&e™(cos 3x + I sin 3x)(11 - B)]
On rationalizing, you readlly have that
Yo ="558"(3 cos 3x - 11 sin 3x).

Principle of Superposition

if Q) = Q169 + Q20 you may separately solve the equations
ay’ + by’ + cy = Q1(x) with particular solution Yp:(x), and
ay + by + cy = Qz2(x) with particular solution ypz(x).

The particular solution to
ay" + by’ + ¢y = Q() = Qi(x) + Q2(x) is given by
Yot = Yoy + Ypo(X).

consider the equation
y -4y =3 + ¢~ —097

using the result obtained under Case Ia P.l. fory* - 4y = 2 is
Vi) =-4 -4 x 2. You can venvy readily thad a P.I. for
y-dy = X isya() = - L&

Therefore, by the principle of superposition, aP.l..of 9.7 is
Vo) =-4 - XZ-;- €.

Cases of Faijure
You will recall that the form of the trial solution of the P.l. is determinied by the
form of Q (or of its components Q1 and Q2. In 'some cases; the forms of the
function arising in the trial solution appear in the complimentary function, and
the methods for determining the P.|. earlier discussed fall. For example, con-
sider

y' - 4y = 5¢% —098
The C.F. is Ae®™ + B&'> which contains the function e appearing in Q. Indeed
if you attempted a trial P.1. of y =ag®™, you will obtain

afd - 4)e® = 5%
showing that is indeterminate. ‘
This is due to the fact that e is a solution of the- reduced equation y* - 4y = 0.
Such cases are referred 1o as cases of failure.
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You will recall that when this repetition of functions ocurred in Case II; the
remedy was to muitiply the recuring one by x. A similar modification is used in
the cases of failure, and the final trial solution for the P.l. of 9.8 is modified to
y = axe>, on muitiplying by x. Now substituting in 9.8 gives
4a6® + 4axe® - 4axe™ = 56> and s0a = § . The P.L. Is Yp(x) = 5 xe*
and the general solution of 9.8 is

y = Ae® + B> + § &®.
in general K.any term of yp(x) Is a solution of 9.2 then muitiply the appropriate
function yp(x) by x*, where k is the smallest integer such that no term in x*yp(x)
is a solutiofl of 9.2.
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LECTURE TEN

Initial-Value Problem
Introduction

Youktwmatﬂngmudsdwondllnearseoondordefo.d.-mm
.twoarbmaryoamu.lnptmlcdpmuans.sduﬂmsmwﬂywm
Wmtnmmmmmmm
mwmmmmwmmmmmam
saﬂsfylngcenalndvmmbedodamwwmw
tions satisfied are elther inktial Conditions or Boundary Cangllions. Naturally
mmmammummmnmw
here are of order 2.

Example 10.1
Coneider the equation Y’ - Oy’ + 9y = &> —10.
subject 10 the conditions . :

yi0) =0,y 0 =1 — 102

A condltion of the form 102 in which the value of the solution as well as its
derivative Is specified at a point (x = 0-in'this case) Is called Initial Conditions.
The problem of solving 10.1 subject to 10.2 is called an Initial Value problem.
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»h) = A + BYe™,

AammﬁmmeMWMaPl

80 that
y=A+me™+ & —103
la the general schstion. Difsrentiaiing this expression you aiso have thet
y(d = [(3A + B) + 3mge™ + 2™
‘using 10.2, t'ls clear that
m‘-h*t-o
YO)=SA+B+2=1
andhencotht A=-1,B4A 2

mmmm-mwmmmanm
‘B in 10.3.

Tl*nePanlwarSdIMb

y = (2x-1)e> + &
Now consider the equatiort

y +y=sin2x : — 104
subject to the condition

y0) = 1, y(F) = -1 — 105
A set of conditions, such as 10.5 in which the valuss of the sokution is specified
at two diflerert péints is called Boundary Conditions and the problem of solv-
'ing 10.4 subject #0 10.5 is called a boundary value problem.
You can show readlly that

yw0) = Asinx + B cos x
is the complimentary function and that
Yp(x)= -1 8in 2x
3

is a P.I. of 10.4, where A, B are arbitrary constants. The general solution is
y =Asinx + Bcosx -1 sin2x
3
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Using 10.5, you have that
y(0) =B =1
y3)=A=-1.

and hence the desired particular solution is
y= oosx-sinx-—?;— sin 2x

Post-Test

1. Find the general solution of each of the following equations. When initial or
boundany conditions are given, find'the particular solution:

(a)Y'+Y’-3Y=0. y(©0) =0, y'(0) =1
() y + 5y +6y=0,y(0) =1y(0) =2
©y-5 =0
(d)2y" + 5y' -3y =0
ey-3y +2y=0
Oy +2zy + 3y =0,y(1) = 1,y() =+
2. Solve the following equations-
@2y +3y -2y =0
() y -3y’ + 2y = 2e™
(© 2y +5y -3y =28-x+ 1
dy+2y +y=x+sinx, y(0) =1y(0) =1
@y +2y +y=xcosx, y@)=y(F )=
@y + 8y + 17y = 26
@2y +y-y=3e"sinx
My -2y =5xé"
3. Solve the following equations:
@y -y -2y = 5
by +y=3sinx +x
©y +4y =2
(d)y"-4y'+5y=2e2"sinx
(@ y +y -2y = 56*sin2x, y(0) = 1,y0) =0
Oy +8y +17y =2¢>, y@) =2 y(F)=0
@y +9y=6cos3xy0) =F ., y(F)=-F
(h) y -2y + 5y = (€* + ") sin2x
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LECTURE ELEVEN

Equations with Variable Co-efficients

Introduction

You now know how to solve second order o. d. equations when the co-efficients
are constants: However, the situation is different for equations of the form

y' + alx)y’ + by = Q(x)
where the to-efficients a, v are functions of x. In general there are no known
general method for solving such equations. There are, however, certain special
cases in which such equation can be solved. Two of such cases will be treated
here.

Using One Solution to find another

Consider the reduced equation y* + a(x)y’ + b(x)y = 0 —Mn14

where a, b are functions of x. It is sometimes possible to find one solution by
inspecting the equation or by trial and error. When such a solution has been
found, a standard procedure exists for finding a second linearly independent
solution.

Assume that y, is a non-zero solution of 11.1 and seeks another independent
solution y,, if such a solution can be found, then a relationship of the form

Y2

yo - Ve
must exist such that v is not a constant, and y, = vy, must satisfy 11.1. That is
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(vy)” + a(X) (vy,)’ + b() (vy,) =0, —112
or after differentiations, factoring and dropping dependence of a, b on x,

vy 1 + ay,’ + by,) + V' (2y 1+ ay,, + vy, =0, — 113

The term in parentheses in 11.3 is zero since y, is a solution of 11.2.
Therefore

vy, + V'(2yy+ ay,) = 0

or

v =-2%1-a

v’ Y,
on dividing all through by v'y,.
Integrating, you have log v'- = -2 log y, - Ja(dx,
and so

v, = _Le-f-(x)dx-

Y}

Since the exponential Is non-zero and v is non-constant, a second integration gives

Y, =w, =Y, fe Jagex gy —115

¥ (%)

You can now verify that y, is a solution of 11.1. Indeed this folllows from the fact
that v is a solution of 11.4 and vy, (= Y,) is a solutionf of 11.2.

The formula 11.5 gives a second solution y, when a first y, Is known.

— 114

Example 11.1

Solvey’ -2y +y =0

given that y,(x) = € is a solution.
Here a(x) = 2and e fagdx _ g2
Therefore

az(
v,=¢/[ pe dx = xe’,

and a second independent solution is y,(x) = xe* The general solution is
y = (A + Bx)¢e,
where A, B are arbitrary constants.
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Example 11.2
Soive xy" + xy' -4y = 0
given that y, =  is a solution.
First rewrite the equation as
y+ 1y _. 4y =0,
X X

sothat fa()dx = log x and e /ak)dx =%

From 11.5 y, = & fx%dx = - X2
1 -2

=—=x

The general solution is y = A + Bx?

The Euler Equation
This is of the form

fy" + axy’ + by = Q(x) — 116
where a, b are constants. This equation can be reduced to one with constant
coefficients by the substitution x = ', Indeed if you use dot to denote differen-
tiation with respect to t, then

y=dy = ydt= 1y
dx dx x

andy” =_1¢-1y
2 2
Therefore 11.6 becomes

y+(a-1)y+ by =Qeh)
which is of constant coefficient, since a, b are constant.

Example 11.3

Solvexzy"-Zy’ +2y=x3Iogx —11.7
Solution
Using the substitution x = e', the given equation becomes
y-3y + 2y = o™
The complementary function is
Y, = Ae' + Be?
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andaP.lis y() = (t-3)e*

Hence, the general solution of the transformed equation is
y= Ae' + Be® + (t-3)e3t

Using the transformation x = e!, the general solution of 11.6 is given by
y = Ax + BX® + x° (log x - 3).

Example 11.4
Solve the equation

(x+1)2y"+(x¥1)y'-y=x — 118
The substitution x + 1 = €' gives

y=yd =1 y
dx X + 1

1 y 1
y =&+ F

and, the given equation becomes
y-y=¢-1
The complimentary function is
Yn ® = pe! + Be'
andaP.lis y,() =1 te'+1.
Therefore the general solution of the reduced equation is
y = Ae' + Be' + S te' + 1
The general solution of 11.8 is now given by
y = A + 1) + B + 1) + Z(x + 1) log (x + 1)+1, with A, B arbitrary
constants.

Post-Test

1. In each of the equations (a) - (d), one solution y1(x) is given. Verify that y1(x)
is indeed a solution and find a-second independent solution.

(@) (1 - X9y - 2xy’ + 2y = 0 (IXI<1) y,(x) = x
B Xy -xy' +y = 0(x>0) y,() =x

©y- ( ixxz)y‘ + (1 fxz) y =0y, = 3"22— ! <1

1
@y +(2)y =0y, =1
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XY+ xy' + 6&-pAy = o.
Forp = /2 verlfy that () = (sin %)/v/x is a solution for x >0. Find a second
independent solution.
3. Solve the following equations
@y + 4xy’ + 2y = log(1 + x)
® 26+ VA -(x + )y +y = x
(c)x"”y'-(Za-i)xV+a’x‘"y=1
4. TransfonntheiolloMngequationbymesubsmmbnshdbated.whetu
solve the equation:
@y cosx +ysinx=ycos; t = sinx
® @ +XAy +xy = 4y; x = sinht
@0-¥)y-xy =0; x=sint
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"LECTURE TWELVE

Higher Order Equations

Introduction

In the preceeding section you leamed how to solve some classes of equations of
second order, namely constant co-efficients equations and some simple cases of
variable co-efficient equations. In this section the techniques employed will be
shown to be applicable to equations of order higher than two. Consider the n'"
order linear differential equation.

vy + 2,00y + 2,60y + .+ aKy +a Ky =Qx  —12.1

and the reduced homogeneous equation

(-

Y+ a,y®™) + a0y + . +a(y +ay=0 —122

where the co-efficients a(x), i = 1,2, ...n, are functions of x only and Q(x) alsc
depend only on x. As in the second order case if you can find independent
solutions y,, Y,, -.- ¥, of 12.1 and a particular integral yp of 12.2, then

y(x) = Ay,(x) + Ay,(x) + ...+ Any, (%) + y,(x)

is the general solution of 12.1. Here A, A,, ... An are n arbitrary constants. As in
the second order equation, there is no general procedure for abtaining the inde-
pendent solutions of 12.2 and a particular integral of 12.1.
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However when the coefficients a, i = 1, 2, ...n are all constants, the techniques
employed for the corresponding second order equation carry over.
Consider the linear (real) constant coefficients n order homogeneous equation
v+ ay®™ + ay™@ + . +ay, +tay=0 — 123
wherea, i= 1,2, ..nare constants.
As in the second order case, make a trial solution of y = ¢ Substituting in 12.3
and noting that k™ derivative of & % is A*¢**, you will obtain
-1 -2

Mt aa™ tay" + . +a,1+a) =0
sothat pi) = A" T ad™ + ;" + . +a Ata — 124
since &* = 0. The polynomial 12.4 is called the auxilliary equation for the
homogeneous equation 12.3 and it is evident that if A is a root of 12.4, then %
is a solution of 12.3.
As you must have known (or will learn) a polynomial p( A ) of degree n can be
factored in the form

p(A) = (A-A)m(A-A)m,...A-2)m,
where mi is the multiplicity (the number of repetition) of the root 1 ;
and m, + m, + .. m = n. lf m = 1 fora given j, then the root 4; is called a
simple root of 12.4 since all the coefficients a, are real, any complex roots of
12.4 will appear in conjugate; that is if A=a + i8 is a root of 12.4, so also is A=
a-ip. '
You will see readily that the nature of the solutions of 12.3, corresponding to
different types of root, is as follows

a) if 11, A2, ..Ap are p real simple roots of 12.4, then
P ) G
&, e’2*, ... ¢P* are p independent solutions of 12.3.

(b) if 4; is a root of 12.4 of multiplicity m;j> |, then
% xelix x2ehix, . x(Mi) & are m, independent solutions of 12.3.
() A = a + i8,7 = a - B are a pair of simple complex conjugate roots of
12.4, then
e™ cos fx, €™ sin Px are two independent solutigns of 12.3.
@ 4j=a+ B, lj=a-if are a pair of complex conjugate roots of
multiplicity mj > |, then
e™ cos fx, €™ sin Px, xe™ cos fx, xe™ sin px,
X2e™ cos px, x2e™ sin fX ....... x™1e% * cos By,
x™ -1 ¢™ sin Bx are 2m; independent solutions of 12.3.
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These results will be illustrated by a number of examples; their proofs are left as
exercises. It should be observed here that finding the roots of polynominal of
degree greater than 2 is generally a tedious task. The fact that the examples that
follow have easily calculable roots should not deceive you. In the case of most
higher order polynomials the roots can only be approximated, and methods for
performing such approximations are dealt with in numerical analysis.

Example 12.1
Solve the equation
Ya-3Yy, +2y =0 — 125
Solution
Here the auxilliary equation is
B-a+2=0

By inspection you will find that 2 = 1 is a root. What is more
B-ar+2=(1-1)3(1+2) =0
sothat A = 1, as a double root, while A= -2 is a simple root.
The general solution is
y= (A +Axe + A

Example 12.2
Solvey, + Yy-Yy,-Y="9 — 126

Solution
The auxilliary equation is
M 3-21-1 =0,
and it is easy to shc;w that A =+1 are its roots. You can obtain the other roots
by factorization thus:
A2-)(A%2+2+ 1)=2*+23-1-1=0
Therefore the roots are -

A==x1, A =-1:\/1-4
2

or

A=x11=-+ i‘\/%—
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From this i;is clear that the general solution is ,
y = Aie* + Aze™ + V(a3 cos «/g' + A4 sin «/g_’ )
The non-homogeneous equation
vy +ay® D a2 g + an-1y' + any = QX),
where a; i = 1, 2, 3, .... n are constants that can be solved by using the method

outlined in Lecture Eleven depending on the form of Q(x). To illustrate this con-
sider the following examples.

Example 12.3
Solve y,, +y = xe* —12.7

Solution

The auxilliary equation for the homogeneous equation Yy +Y =xe"is
M+1=0

and its roots are the four fourth roots of -1. To obtain these, note first that

6™ =cosw + isin 7w =1
and ®™ = cos2y + isin2mi = 1
Therefore
-1 = W = gWg2mi _ g3mi

and on taking the fourth root of e ™ and e*™ you will have that
emi4 cos + ising =(14+1)
3™ = cos 3T+ isin.%JL = (-1 +1)
V2
Since complex roots occur in conjugates, the other two roots are
V2 vV 2
The complimentary function is
ya(x) = Ale¥V2 cos—\§§ + A2g X V2 sinv"é—
+ Age™/V2 CoS%+ A4e™ V2 gin o
To obtain a P. I. make a trial solution of
y=¢€(ax+p)
where o, B are to be determined. Direct differentiation four times gives
Yy = (ax + B)e* + 4q¢&*
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and substitution in 12.7 yields
(ax + B + 4a)e" + (ax + p)e* = xe&*.
Equating correspendingly you will now obtain
4a+28=0,2a0 =1
sothat a = 4 ; B=-1.TheP.l &
Yalx) = e ("2“ -1)
and the general solution of 12.7 is
y =xe"/\/2(A1 cos-Xy + Aosin X, ) + V2 (Ascos-%, +Aqsin-X )
+ e (-2"_ -1).

Example12.4
Solve ))" - 3)) + 2y = sinx — 128

Solution
The reduced equation here is the equation 12.5 which was solved earlier. There-
fore the complimentary function is

Yo(0) = (A1 + A2x)X™ + Ag et
where A1, A2, A3 are arbitrary constants. To obtain a P. I. you may make a trial
solution of

1X

Y= oo
On substituting in
ylll_syl + 2y = o

you will have that
a2 - 4)e’™ = e

and so
a =

1
24
TheP. I.is

Yp(x)

1m [_€&"
2-4

Im[(-1+20) cos x + i sin x)
=5 (2 cos x + sin.x).
The general solution of 12.8 is
Y = (A1 + A)e™ + Aze*> 4 b 2 cos x + sin X)

]
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Post-Test

1. Solve the following aquations. When initial values are given find the cor-
responding particular solutions.

@ ¥ -3y + 2y = 0, y(0) =1,Y(0) = 0, Y(0) = 0

byy'-27y =0

© Yn-5Y" + 4y = 0 |

@y +y=0y0) =1,y0 = y0) = y0) =0

@ y"-5y" -2y + 24y = 0, y(0) = 1,(0) = 0, YX(0) = -1
2. Find a particular integral for each of the following:

@ y"-5y" -2y + 24y = x

®) yi -y = sinx

© ¥ -3y#2y = 2 + o™

@Y-y = gx + 1)

@ y"-3y*-3y -y = logx.
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ECTURE THIRTEEN

Difference Equations
Linear First Order Difference Equations
Introduction

Youmpmhﬁymwththemtbnof‘mmeofredmﬁw
example:
..3,-1,1,35, ...bﬂnsequaudoddmbersspecﬁcaﬂy,asuofnum-

bershadeﬁniteorderdoocuumiseﬂedasequonce.mhmayberepre-
sented by

-U2U,U, U, U, ..

Herenspeciﬁesmenunberun,ooﬂllnhamw U, may be
evaluated and hence by allowing n to take values ...2, -1, 0, 1, 2, ... the entire
sequence may be determined.
For the sequence of odd numbers ... -3, -1, 1, 3, §... U, = (2n + 1). In applica-
tions, sequences are usually required in which there is a relation between groups
of consecutive terms. Such relations may take any of the forms

Un-3UM='n n>1

Un+2 - 3Un¢1 + zun =0,
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or more generalty

Un+k + atUn+k1 + ... + aUn =f(n), n=1 —13.1
A relation of the form 13.1, in which the a’s, | = 1, 2, ..k are constants, or in
the more general case, functions of n, and f(n) is a given function of n, is called
a Difference Equation. ‘
in analogy with ordinary differential equation 13.1 is called a linear diference equa-
tion of order k. It is linear since the left hand side involves Un+j, , j = 0, 1, ..k
inearty.
Consider the much simpler equation

Un+1 = aUn —13.2
where a is a given constant. Observe that by proceeding inductively, you will
have that

Ut = aUo, Uz = aUs = a%Uo
and, in general that

Un+1 = aln = a(@Un-1) = ... = a"* 0o, — 133
which is the general solution of 13.2. If you compare 13.2 and its solution 13.3
with the differential equation y, = ay, which has the general solution. y = ce™,
you will see readily that n + 1, a and uo correspond respectively to X, e*and c.
Consider next the more general equation

Un+1 = anUn — 134
Proceeding as in the above, you have that U1 = agUo, U2 = a1U1 = asaolo, ...
and in general that )

n

Un+1 = anan-1 ... a1aolo = (] ﬂ- ak)Uo —135
The comparable differential equation in this case I:]y = a(x)y, with general solu-
tiony = cel2® 5o that n akcorrespondsto
Suppose now that the problem is to solve

Un+1 s Un+ fn —136
The iterative procedure will give

Ui = Uo+fo,U2-U1 + f1 = Ug + fo + f1, ..., so that

Un+1 =Uo + & fk —13.7
K20
since y, = y + f (x) has the general solution y = ce® + " ff(x)e” “dx, the cor-

respondence is clear if you note that"r[; 1=t
Finally consider the most general first order linear equation
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Un+1 = anUn +fn — 138
Procseding inductively, you will have that

U1 = aoyo + fo, U2 = a1 Ur + §'= aaoyo + a1fo+f,
.and lngenoral

S - +aafn1+fn —13.9
='( 1'1' _a‘k)Uo +}';‘ (1 &) fx
k=0 k=0 k=0

‘You may wish to compare this equation with
y = o Jabdxpccoggfatidng, 4 ¢) —13.10
which is the general solution of y' + a(x)y = f(x). Indeed 13.9 is the discrete
snalog of 13.10. Observe in 139 that the empty product is defined by
Irlj=n+1ai =1
Example 13.1
Solve

0 yn+1-yn = 2°

M yn+1=n+Syn

SRS n+3
Hint
(& Is of the form 13.6, and using 13.7, you will see that is solution is

mmuaum:umwwsums
Yasr = &9 D w %=1 nednrgy

Example 13.2

An amoeba population has an initial size of 1000. It is observed, on every ten
amoebas reproduce by cell division evary hour Find the approximate size of the
amoeba population in 30 hours.
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Solution '
Let yn denote the number of amoebias after n hours. Then the population growth
over the next hour is

Yn+1-Yn = %yn;

that is yn+1 = (1.1)yn.
Using 13.3, you will have that

yn+1 = (1.1)"*'yo, yo = 1000
In 30 hours the population size is

Yoo = (1.1)% 10°

= 17449.

Example 13.3

Suppose in the preceeding example that a leak from another container is intro-
ducing 20 additional amoeba into the population per hour. What is the popula-
tion size in 30 hours.

The governing equation becomes
Yn+1=Yn = 130- Yn + 20
oryn+1 = (1.1)yn + 20,
which, by 13.9, has the solution
Yor1 = 1000010 e+ (1.0)*(20)

=1000(1.1)"*1 + 20 ((1.1) "1 1)
111

=17449 + 3289.8
= 20738.8

Post-Test

In problems 1 to 5 find the general solution of each difference equation and a
particular solution when an initial condition is specified.

1.Yn+1 + Yn =37

2.yn+1 =20+ 3 Y,
2n + 1

3(n+1)yn +1=(n+ 2)yn, Yo =1
4yt nyn=nlyo=5
5. Yn+1- 92"Yn = e"2
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6. In a population model it is assumed that the probability p, that a couple
produces exactly n offspringssatisfies the equation pn = 0.7pn-1. Find pn in
terms of p, and determine p, from the factthat py + p; + p, + ...+ = 1. An
alternative model is pn = (Jﬁ. )p,., For this model find p_ in terms of p, and
prove that Pq = e
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LECTURE FOURTEEN

Properties of Solutions
introduction

It is convenient to stast with the homogeneous second order linear equation

Yoiz + a-Yn+1 + buy. =0 —14.1

A solution of 14.1 is a sequence of real numbers y, y,, Y,... Y, ... that satisfies
equation 14.1 for all integers n = 1. For convenience such a solution is denoted
simply by the term y,. A linear combination of the solutions x,, y,of 141 is
simply the sequence Ax, + By,, where A, B are real constants. Two solutions b &
Y, of 14.1 are linearly independent if Ax, + By, = O implies that A = B = 0.
This is equivalent to saying that there is no constant ¢ such that x, = cy, for all
integers n. It is easy to show that any linear combination of solutions of 14.1 is
also a solution of 14.1. To see this let Z, = Ax, + By, where x,, y, are solutions
of 14.1.

Then
Zn+2 + anZn + 1 + bnZn
= AXn+2 + Byn+2 + an(Axn+1 + Byn+1) + bn(Axn + Byn)
AlXn + 2 + anXn+1 + bnXa) + B(yn + 2 + anyn + 1 + bnyn) = O,
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which shows that the linear combination of xn, yn is also a solution of 14.1. Let
¥n, Yn be two soluflons of 14.1 and let

cn(X.y) = Xayn + 1=Xn + 1¥n
cn(x.y) is called the casorationof the difference equation 14.1, it is the analog of
the Wronskian of a second order linear ordinary differential equation. it tumns out
that:

I. If bn = O for all integers n = 0. then equation 14.1 has two linearly
independent soiutions.

Il. If bn = O for all integer n=0and xn, yn are solutions of 14.1, then X, yn are
linearly independent if and only i c,(x,y) # O for some integer n.

Homogeneous Equation with Constant Co-efficients
Consider the linear homogeneous aquation with constant co- efficients

Yn+2 + ayn+1 + bya = 0,b 2 0 — 142
where a, b are constants, which do not depend on n. In the case of first order
equation yn+1 = ayn you saw in Lecture 13 that its general solution is yn =
ayo. It is therefore plausibie to guess that 14.2 has solutions of the form ya ="
for some (real or complex) number 1. indeed,on making yn=\" a trial solution
of 14.2, you will have that 1 must satisfy the equation

}‘n+2 '_an+1 +b1‘=0
Since this equation must be true for al n = 0 if yo = A" is 1o be a solution
of 14.2, then in particular forn = 0, the equation

*2+a +b =0 —143
must hold. This is theauxilliary equation for the difference equation 14.2 and is
essentially the same as the asxilliary equation derived for the second order dif-
ferential in Lecture eight. The roots of 14.3 are

At =-a +VaP—db, A2 =-avaP-4b

2 2

and as in Lectures 8 - 12 the following three cases can be distinguished:

Case I:
a?-4b> 0. ,
The roots A1, A 2 of 14.3 are real and distinct and the general solution of 17 2.is
yn = c1 A"t + c2 2" — 144

where c1, c2 are arbitrary constants.
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Case Il

a?-4b = 0.
Here the two roots of 14.3 are real and equal, and a solution of 14.2 is y, =4"
whereA = -&. If yourecall a similar situation for second order differential
equation in lecture eight, you will see that a second linearly independent solution
Isy, = mM", withi = - Indeed on substituting y, = ni " into the left hand
side of 14.2 you will have that

n+2)A"2 +a@m + 1)A"* + bA"
=A"nfA2+al +b}+ @2+ al)] =0
by 14.3 and the fact that A = - -3- Thus the general solution of 14.2 is

y,=(c, +cm", A=-% —145
where c,, ¢, are arbitrary constants.

Case il
a’-4b < 0.
The roots of 14.3 are
A=a+Pi=a-B
wherea = -4, f= 4b-a’and = -1.
In polar form, 2
A, = ° 2 2 = re¥
wherer = o + 2.0 and =tan(B/a)
0 < 8 < x . Since the solutions of 14.2 are of the form A", the two linearly
independent solutions are
y, = ¥ = P, x, = rMe’™.
Since 14.2 is linear you may verify that both (x, + y)and (x -y, are
solutions of 14.2, and as in Lectures 8-12 these solutions can be written in the
form

x.* = "cos g, y,* = r'sin nf,
Verify that these solutions are linearly independent. The general solution of 14.2
is

y, = c,/" cos nd + c,I"sin ng — 146
wherer = o + ﬁz 6 = tan"(p/a L, 0<O0<m, a= -—5', B= 4b - a%f2
and c,, c, are arbitrary constants.
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Example 14.1
Solve the equation:
Yn+2-Yn+1-6yn = 0.

Solution
The auxilliary equation is A2-\ -6 =0withrootsx1 =3, A2 = -2. There-
fore, the general solution is
yn = c13" + c2(-2)" — 147
If the initial conditions yo = 1, y1 = 8 are specified, you will obtain from 14.7
the system of equations
ci+c2=1
3c1-2c2=8
from which to determine c1, c2. Solving simuitaneously you have
c1 = 2, c2 =-1, and the particular solution is
Yo = 2.3"- (2"

Example 142
Solve the equation

W + 2-&yn+1+dYn =0

with initial conditions yo = 1, Y1

Sohsion

The awdiiary equation is A% - 4x + 4 = 0 with the double root A = 2. The
genetdsdl.lbn.ttmeforels

y, = 2%c, + 0oy
Using the inltial conditions yo = A = -2, you Wil find readily that ¢1 = 1,
cz=-—2andmepuﬂuhrsdiﬂmh

yn = 2"(1 -2n).

Example 14.3

Find the generél solution of yn+2 + 8yn =0

Solution

kThegharacta(Hcequmbn A 8 =Owthroots A = 2. Here a =0,
B«Zandw 8 = § . The general solution is
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Y, = 2"(c,e08 -0z + c, sin Lz ).
ify, = 0, y, = 2000 are specified, you will readily obtain ¢, = 0,c, = 1000 and

Ya

= 1000.2" sin o

as the particular solution.

Post-Test

In each of the problems 1-8 solve the given difference equation, and when initial
conditions are specified find the unique solution that satisfies them.

1.

© ® NO G AN

Yotz " Vasy -4y, =0

Yorz + TYpyy + 12y, = Oy, =0, Y1 =1

Wiz oy - Y =0Y, =0y, =3

iz + 6Yp,, + Ya=10

yﬂ+2"/2yn+1 +Y.=0

Yoiz t Yo =0

Yoez t Yosy ¥ ¥ =0

Yniz =20y + 4Y, =0, Yo=0,y, =1

The Fibonacci numbers are a sequence of numbers such that each one is

the sum of its two predecessors. The first few Fibonacci numbers are
0,1,1,223,5,8,...

(a) Formulate an initial value difference equation that will generate the
Fibonacci numbers.
(b) Find the solution to this equation

(c) Show that the ratio of successive Fibonacci numbers tends to
(1 +vV5)2 as n-» =

10. Consider the integrals

In(6) = fz:roosnx-ooswdx
° CcOos X - cos 6

(a) Show that I, = 2cos81 () 1(9)
(b) Solve this equation and obtain an expression for 1.(0).

(Hint: First determine I,(0) and I,(0)).
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LECTURE FIFTEEN

Non-homogeneous Equation with Constant
Co-efficient

Introduction

Consider the linear non-homogeneous equation with constant co- efficlents:

Yosz + @nyy + DY S o —15.1
where a, b are constants which do not depend on n. You saw in Lecture 9 how
the method of undetesmined co-efficients is used to find particular solutions of
non-homogeneous linear second order ordinary differential equations with con-
stant co- efficients. The same technique applies to equation 15.1 when f _is one
of the following forms

1A =12,

2.z, = A sincn + A,coscn

3.z, =A,+An + ... +A,(|=1k
or any combination of these terms. To solve 15.1, with f_ in one of above forms,
you will proceed as follows:
Find the independent solutions x,, y, of the homogeneous equation.

Yoio T @iy + by, =0 —15.2
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Next write the expression za in the same form as fn with undetermined co-effi:

clents A

() I no part of z, Is in the general solution of the homogeneous equation 15.2,
substitute z, for yn in the equation 15.1, and solve for the co-efficients Aj

(i) Otherwise, muitiply zn by the smalllgst integral power of n such that nn part bt
the product belongs to the-general solution "of the homogeneous equation
15.2, and proceed as with zn in step (i). As in lecture nine this method of
solution is best illustrated with exampies. :

Casel

Consider yn+2 - Syn+1 + 6yn = sn+1 — 153
The general solution of the homogeneous equation is

yng = A@" + B@™
By (i), since 5"*" does not appear in yng make a trial solution of zn = Aos"+1,
where Ag is to be determined. Substituting zn for yn in 15.3 you will. have

M(5n+3__5'5n+2 + 6.5"'”) - 5n+1’
thatisAo = & _
Thuszo = 5" * 'is a particular solution and the general solution of 15.3 is
=A02"+B3n+5"+1‘ .
Yn (2) —
As indicated in (ii) this method may fail if the right hand side of 15.1 is a part of
the general solution of the homogeneous equation 15.2. To illustrate consider

Yotz ~5Vns1 +6¥n =2 —15.4
An attempt to make zn = Ag2" a trial solution will lead to

Ao(2®-52 + 6)2" = 2",
showing that Ag Is indeterminate. As indicated in (i), the way out is to multiply
2 by n so that 2n = Aon.2" is not a solution of the homogeneous equation
yn+2-5yn+1 +-6yn = 0. )
Indeed, on substituting zn = Aon2" for yn in 15.4 you will have
Ao[(n+2)2" 2 -5(n+ 1)2"*! + 6n2"] = 2°
that is Ao[(n+2)2% - 5(n+1)2 + 6n] = 1
Thus Ao =~ -  and the particular solution is
Zn =- -%- n.2n
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The general solution s
Yn= (A‘% )2'1 + mn

Case 2
Ytz + BYy = sin ox — 155
The general solution of corresponding homogeneous equation you already ob-
tain in Example 14.1 as
Yng = 2(c1 cosrig + cp sinng )
It is corvenient to work in polar co-ordinates and make a trial solution of
Zn = &‘1&5 ,
where Ag is to be determined.
Substitution in 15.5 gives
PRELEE SN ae""?'} = "I
80 that
Ao = gh
Therefore the particulag mtegral is
yop = Im[ gl et
= Im [§t (cosnF + islnn;r. )|
ﬁ (8 sinngt- - cl—?)
and the general solution is ,
Yo =2"c1 -COS—"Z'E + c2sinSE ) + -& ﬁsinl‘l’ll-cos%t )

Case 3

Consider Yn+2-5Yn+1 + Byn = n —15.6
Hetemkeatnalsclwmdzn Aon + Ay

where Ag, A1areto-bomsubstlwnghissuﬂl give
Ao(n+2) + A1 -SAo(n+1) 5A1 + GAon + 6A1 =

and on equating correspmdhgoo-dﬂclemofpmversofn. you have that
Ao-5Ag + 6Aq = 1, '
2A0 + A1-5A0-5A1 + 6A1 = 0

Therefore Ao = 1/2and A1 = 4, and a particular solution is

Zn=2n+3
P
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the general solution of 15.6is
Yn=A2" +B3" + 2n + 3
e

Post-Test

Sqlve each of the following equations:

' yn+2-Yn+1-12yn = 2"
Yn+2-4Yn+1 + 4yn = 2"

Yn+2 + Yn+1-6yn = "t + 3¢"
Yn+2 + bYn = sin OF

Yn+2 + yn = 3" cos If
Yn+2-3yn+1 + 2yn = n2" + 27
Yn+3-2yn+2 + 3yn = cos F
Yn+3 + Yn+2-2¥n = n + n? + n®
Yn+2 + Yn+1 -+ —l-yn 2"+ 3"
10. Yn+2 + 8yn = sin 2n.
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